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Links (in Euclidean space)

Definition (Link)
An oriented (tame) n-link L in Euclidean space R? is a (tame/PL)
embedding L : | |, S! < R3. A mild abuse of notation: Im(L) = L.
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Links (in Euclidean space)

Definition (Link)

An oriented (tame) n-link L in Euclidean space R? is a (tame/PL)
embedding L : | |, S! < R3. A mild abuse of notation: Im(L) = L.

“Definition” (Link diagram)

A link diagram is a planar representation of a link with added
information of under/overpasses.

Example

Figure 1: The Hopf link.
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What is linking?

Intuitively:
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What is linking?

Intuitively:

- knotting: intracomponent phenomena,

- linking: intercomponent phenomena.

Problem
It is an open question whether one can (efficiently) categorize and
detect knotting (wrt. ambient isotopy).

Core idea (due to John Milnor)
Observe "linking modulo knotting”.
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Link homotopy

Definition (Link homotopy)

Two n-links L and L” are link homotopic if there exists an ordered
collection of homotopies {H' : S! x | — R*}"_ between {L;} and
{L!} such that H{(S]), ..., H}(S}) are pairwise disjoint Vt € I.
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Link homotopy diagramatica

e

[ly:

Figure 2: Link homotopy moves.
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Link homotopy

Definition (Link homotopy)

Two n-links L and L" are link homotopic if there exists an ordered
collection of homotopies {H' : S! x | — R*}"_ between {L;} and
{L!} such that H{(S]), ..., H}(S}) are pairwise disjoint Vt € I.

Proposition
Link homotopy diagramatica

e

[ly:

Figure 2: Link homotopy moves.

Important observation!

All knots are link homotopic (to the unknot).
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Linking number

Definition (Linking number)

The linking number Lk(L;, L;) between two components L;, L; of link L
is the homology class of L; in Hy(R® — Lj; Z) & Z.
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Linking number

Definition (Linking number)

The linking number Lk(L;, L;) between two components L;, L; of link L
is the homology class of L; in Hy(R® — Lj; Z) & Z.

Proposition

X

(k(Ly, Ly) = %(

Proposition
The linking number is an invariant wrt. link homotopy.
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Classification of two component links

Theorem by Milnor, 1954

The linking number classifies 2-links up to link homotopy. In
particular, every 2-link is link homotopic (up to a choice of
orientation and number of crossings) to:

6/13



Where the linking number fails

Example
The linking number doesn’t classify all linking:

Figure 3: Borromean rings.
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Beyond the linking number: Milnor’s numerical invariants

Definition (Milnor’s i invariants)

Milnor’s fi invariants are the first non-vanishing coefficients of the
Magnus expansions of words representing preferred parallels in
quotients of the knot group by elements of its lower central series.
They are defined (wrt. link homotopy) for finite tuples of pairwise
disjoint integers representing the different components of a link:

A1) = A .. ip).
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Beyond the linking number: Milnor’s numerical invariants

Definition (Milnor’s i invariants)

Milnor’s fi invariants are the first non-vanishing coefficients of the
Magnus expansions of words representing preferred parallels in
quotients of the knot group by elements of its lower central series.
They are defined (wrt. link homotopy) for finite tuples of pairwise
disjoint integers representing the different components of a link:

A1) = A .. ip).

Intuitively

Milnor's i invariants detect higher order linking. They take the form
of integers.

Example
The linking number is a length two g invariant.
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Classification of three and four component links

Theorem by Milnor, 1954
Milnor’s iz invariants classify 3-links up to link homotopy.

Theorem by Jerome Paul Levine, 1988
A sharpening of i invariants classifies 4-links up to link homotopy.

Open problem
Classify k-links up to link homotopy for k > 5.
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Classification of almost trivial links

Definition (Almost trivial link)
A link is almost trivial if all its sublinks are trivial.
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Classification of almost trivial links

Definition (Almost trivial link)
A link is almost trivial if all its sublinks are trivial.

Theorem by Milnor, 1954
Almost trivial n-links are classified up to link homotopy by the
(n —2)!invariants

{ﬁ(w ...(n=2)*(n=1)n) ‘ w € S,_, arbitrary permutation}.
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Almost trivial links with three components

Example

Almost trivial 3-links are classified by only one number. In
particular, each is link homotopic (up to a choice of orientation and
number of crossings) to:

Figure 4: Universal form of almost trivial 3-links.
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Examples of almost trivial links

Example

Figure 5: Two almost trivial links



Possible future research directions:
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Possible future research directions:

- define new invariants for link homotopy,

- give a link homotopy classification of < 4 component links in
(more) general 3-manifolds.
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