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Abstract :

We establish uniform upper bounds on the diameter of compact Kahler
manifolds endowed with Kahler metrics whose volume form satisfies a
Kolodziej integrability condition of Orlicz type.
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INTRODUCTION AND MOTIVATIONS

Geometric motivation

Let (M, g) be a Riemannian manifold of dimension n.
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INTRODUCTION AND MOTIVATIONS

Geometric motivation

Let (M, g) be a Riemannian manifold of dimension n.
The length of a smooth curve 7 : [0, 1] — M is defined by

1
ty(r) = /O (O eyt

where [|€]|g(x) := v/&(x)(§,€), x=7(t) € Mand £ =(t) € T M.
The distance between two points x,y € M, is defined by
dg(x,y) = inf{£g(7); 7 € C([0,1], M), 7(0) = x,7(1) = y},

where C1([0, 1], M) be the set of smooth curves of M.
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INTRODUCTION AND MOTIVATIONS

Fact : d; is a distance on M compatible with its topology.

The diameter of M is defined by
diam(M, g) :=sup{dg(x,y);x € X,y € Y} € [0, +0o0].

The diameter diam(M, g) is finite if M is compact, but one may ask how
does it vary when the metric g varies 7

Bonnet-Myers theorem (1941) : Let (M", g) be a complete Riemannian
manifold such that Ric(g) > (n — 1)K, for some positive constant K > 0,

then
T

VK

In particular M is compact by Hopf-Rinow theorem.

A uniform upper bound on the diameter of a sequence of Riemannian
manifolds together with a uniform lower bound on the Ricci curvature
allows the application of the Gromov compactness theorem.

diam(M, g) <
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

Kahler metrics

Our goal today : Prove a uniform estimate of the diameter of a compact
Kahler manifold
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THE CALABI CONJECTURE and CALABI-YAU THEOREM
Kahler metrics

Our goal today : Prove a uniform estimate of the diameter of a compact
Kahler manifold in terms of geometric quantities associated to its metric
as its associated volume form or its Monge-Ampére potential.

Basic definitions.
Let (X, h) be a Hermitian manifold. Then

e g := Rh defines a Riemannian metric on the complex manifold (X, J)
compatible with the complex structure J.

@ w:= —Sh induces a real smooth positive (1,1)-form w = wp on X
such that w(-, J-) = g(-,-).
Conclusion : h(-,-) = w(-,J-) — iw(-,-).
h <— w := wy : the fundamental form of the metric h.
Observation : Hermitian metrics always exist on a complex manifold.
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

Definition
A Hermitian metric h on X is a Kahler metric if its fundamental form
w = wy, is d-closed i.e. dw = 0. We call w a Kahler form (or metric) on X

and (X,w) a Kahler manifold.
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w = wy, is d-closed i.e. dw = 0. We call w a Kahler form (or metric) on X
and (X,w) a Kahler manifold.

Fact : w is a Kahler form iff locally w =, i0dp, where p is a (local)
strictly plurisubharmonic function (or 3 normal local complex coordinates).
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

Definition

A Hermitian metric h on X is a Kahler metric if its fundamental form
w = wy, is d-closed i.e. dw = 0. We call w a Kahler form (or metric) on X
and (X,w) a Kahler manifold.

Fact : w is a Kahler form iff locally w =, i0dp, where p is a (local)
strictly plurisubharmonic function (or 3 normal local complex coordinates).
In a local chart (U, z) of X, we have
i
huy= > hpdz@d«—wy=5 Y hgdzAdz.

2
1<j,k<n 1<j,k<n
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

The Calabi conjecture

Set d =0+ 0 and d° := (v/—1/47)(0 — 9) so that dd® = (i/2m)d0.
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

The Calabi conjecture

Local expression of the volume form associated to a Kahler metric w:

Set d =0+ 0 and d° := (v/—1/47)(0 — 9) so that dd® = (i/2m)d0.

w =roc (i/2) Z hizdzj A dzix = dV,, = w"/nl =joc cndet(hjz) dVeuq
The Ricci curvature form of a Kahler metric w is defined by

Ric(w) = Ric(w") :=joc —dd® log(det(h;;)) =/oc —dd® logw”,
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

The Calabi conjecture

Set d =9+ 0 and d€ := (v/—1/4m)(0 — 9) so that dd® = (i/2m)00.
Local expression of the volume form associated to a Kahler metric w:

w =roc (i/2) Z hizdzj A dzix = dV,, = w"/nl =oc cndet(hjz) dVeuq-

The Ricci curvature form of a Kahler metric w is defined by

Ric(w) = Ric(w") :=joc —dd® log(det(h;;)) =/oc —dd® logw”,

This expression is independent on the local complex coordinates and
defines a (global) real smooth d-closed (1,1)-form Ric(w) on X.
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

Moreover if @ is another Kahler form on X then
Ric(w) — Ric(©) = dd€ log(&" /w"),

where the RHS is a global real smooth d-exact (1, 1)- form on X.
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

Moreover if @ is another Kahler form on X then
Ric(w) — Ric(©) = dd€ log(&" /w"),

where the RHS is a global real smooth d-exact (1, 1)- form on X.
Therefore [Ric(w)] € HM(X,R) C H35(X, C) is independent of the

Kahler form w.
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

Moreover if @ is another Kahler form on X then
Ric(w) — Ric(©) = dd€ log(&" /w"),

where the RHS is a global real smooth d-exact (1, 1)- form on X.
Therefore [Ric(w)] € HM(X,R) C H35(X, C) is independent of the
Kahler form w.

Fact : [Ric(w)] = a1(X) = —c1(Kx) : first Chern class of X (topological
invariant); Kx := A" T*(X) is the canonical bundle.
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

Moreover if @ is another Kahler form on X then
Ric(w) — Ric(©) = dd€ log(&" /w"),

where the RHS is a global real smooth d-exact (1, 1)- form on X.
Therefore [Ric(w)] € HM(X,R) C H35(X, C) is independent of the
Kahler form w.

Fact : [Ric(w)] = a1(X) = —c1(Kx) : first Chern class of X (topological
invariant); Kx := A" T*(X) is the canonical bundle.

A fundamental problem in Kahler geometry is the converse problem.
Calabi conjecture (1954-1957): Let 7 be a real smooth d-closed

(1,1)-form n € c1(X). Then there exists a Kahler metric w on X such
that Ric(w) = n (i.e. one can prescribe the Ricci curvature).
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

E. Calabi (1957) observed that the equation Ric(w) = 7 reduces to a
complex Monge-Ampére equation on X and proposed a strategy to solve

It.
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E. Calabi (1957) observed that the equation Ric(w) = 7 reduces to a
complex Monge-Ampére equation on X and proposed a strategy to solve

It.
Calabi’s strategy : Fix a Kihler class Q € H1(X,R) and a Kahler

metric wg € Q.
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

E. Calabi (1957) observed that the equation Ric(w) = 7 reduces to a
complex Monge-Ampére equation on X and proposed a strategy to solve
It.

Calabi’s strategy : Fix a Kihler class Q € H1(X,R) and a Kahler
metric wg € Q.

Let n € c1(X). By the dd°-lemma, there 31h € C°>°(X) such that
Ric(wo) =n+ dd“h on X and [, e"wf = [, wi.
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E. Calabi (1957) observed that the equation Ric(w) = 7 reduces to a
complex Monge-Ampére equation on X and proposed a strategy to solve
It.

Calabi’s strategy : Fix a Kihler class Q € H1(X,R) and a Kahler
metric wg € Q.

Let n € c1(X). By the dd°-lemma, there 31h € C°>°(X) such that
Ric(wo) =n+ dd“h on X and [, e"wf = [, wi.

Goal : Find a Kahler metric w € Q = [wo] satisfying Ric(w) = n (7).

By the dd°-lemma there exists ¢ € C*°(X) such that w = wgy + .

Then Ric(w) = n iff ¢ € C>(X) with wg + ddp > 0 is a solution to the
complex Monge-Ampére equation

(wo + ddp)" = e"wyg. (1)
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

E. Calabi (1957) observed that the equation Ric(w) = 7 reduces to a
complex Monge-Ampére equation on X and proposed a strategy to solve
It.

Calabi’s strategy : Fix a Kihler class Q € H1(X,R) and a Kahler
metric wg € Q.

Let n € c1(X). By the dd°-lemma, there 31h € C°>°(X) such that
Ric(wo) =n+ dd“h on X and [, e"wf = [, wi.

Goal : Find a Kahler metric w € Q = [wo] satisfying Ric(w) = n (7).

By the dd°-lemma there exists ¢ € C*°(X) such that w = wgy + .

Then Ric(w) = n iff ¢ € C>(X) with wg + ddp > 0 is a solution to the
complex Monge-Ampére equation

(wo + ddp)" = e"wyg. (1)

S.T. Yau (1978) proved the following fundamental theorem, solving the
Calabi conjecture.
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

Theorem [Yau78]

Let wo be a fixed Kahler metric on X and f > 0 be a positive smooth
density on X such that [, fw§ = [, wg.
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

Theorem [Yau78]

Let wo be a fixed Kahler metric on X and f > 0 be a positive smooth
density on X such that [, fw§ = [, wg.

Then 3 ! ¢ € C*°(X) such that w := wy + dd“yp > 0 and

(wo + dd€p)" = fwg with supy ¢ = 0.
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

Theorem [Yau78]

Let wo be a fixed Kahler metric on X and f > 0 be a positive smooth
density on X such that [, fw§ = [, wg.

Then 31 ¢ € C*°(X) such that w := wy + dd°p > 0 and

(wo + dd€p)" = fwg with supy ¢ = 0.

We will call ¢ = ¢, the Monge-Ampére potential of the volume form
w" = fuwyg.
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THE CALABI CONJECTURE and CALABI-YAU THEOREM

Theorem [Yau78]

Let wg be a fixed Kahler metric on X and f > 0 be a positive smooth
density on X such that [, fw§ = [, wg.

Then 31 ¢ € C*°(X) such that w := wy + dd°p > 0 and

(wo + ddp)" = fw{ with supyx ¢ = 0.

We will call ¢ = ¢, the Monge-Ampére potential of the volume form
w" = fuwyg.
An important consequence of the Calabi conjecture is the following.

Let X be a compact Kahler manifold such that c¢i(X) = 0 (Calabi-Yau
manifold). Then any Kihler class Q on X contains a unique Ricci-flat
Kahler metric i.e. w € Q and Ric(w) = 0.
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UNIFORM A PRIORI ESTIMATES

Kolodziej's uniform estimates

S. Kolodziej (1998) gave a new proof of Yau's C a priori estimate using
Pluripotential Theory.
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UNIFORM A PRIORI ESTIMATES

Kolodziej's uniform estimates

S. Kolodziej (1998) gave a new proof of Yau's C a priori estimate using
Pluripotential Theory. Moreover he proved the following theorem.

Theorem [Kolodziej08]

Let (X,wx) be a compact Kahler manifold of dimension n. Let

0 < f € LY(X) be a density such that [, fw} = [, w%. Assume that

f € LP(X) with p > 1 and ||f||p(x) < A < +00. Then there exists a
unique weak continuous weak solution ¢ € PSH(X,wx) N C°(X) to the
(degenerate) complex Monge-Ampeére equation

(wx + ddp)" = fwy, max ¢ = 0.

Moreover ||¢|1(x) < C(p, n, A, wx).

v

Here the Monge-Ampeére measure (wx + dd®p)" is defined in the sense of
Bedford-Taylor (1976).
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UNIFORM A PRIORI ESTIMATES

Actually, Koldziej proved the same result under a more general condition,
we will call condition (K) (see below).

Since then, precise estimates on the modulus of continuity of the solution
where obtained by different authors under different conditions.
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Actually, Koldziej proved the same result under a more general condition,
we will call condition (K) (see below).

Since then, precise estimates on the modulus of continuity of the solution
where obtained by different authors under different conditions.

Here we are interested in a priori estimate of the modulus of continuity of
the solution in terms of the growth of the density.
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Actually, Koldziej proved the same result under a more general condition,
we will call condition (K) (see below).

Since then, precise estimates on the modulus of continuity of the solution
where obtained by different authors under different conditions.

Here we are interested in a priori estimate of the modulus of continuity of
the solution in terms of the growth of the density.

Let (X,wx) be a compact Kahler manifold of dimension n > 1 and let

w € [wx] be another Kahler metric.
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Actually, Koldziej proved the same result under a more general condition,
we will call condition (K) (see below).

Since then, precise estimates on the modulus of continuity of the solution
where obtained by different authors under different conditions.

Here we are interested in a priori estimate of the modulus of continuity of
the solution in terms of the growth of the density.

Let (X,wx) be a compact Kahler manifold of dimension n > 1 and let

w € [wx] be another Kahler metric.

Let £, := w"/w%. Let ¢ = ¢, € C*°(X) be the Monge-Ampere potential
of the volume form w” i.e. w = wx + ddp and

(wx + dd“p)" = fwy, max ¢ = 0.
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UNIFORM A PRIORI ESTIMATES

Actually, Koldziej proved the same result under a more general condition,
we will call condition (K) (see below).

Since then, precise estimates on the modulus of continuity of the solution
where obtained by different authors under different conditions.

Here we are interested in a priori estimate of the modulus of continuity of
the solution in terms of the growth of the density.

Let (X,wx) be a compact Kahler manifold of dimension n > 1 and let

w € [wx] be another Kahler metric.

Let £, := w"/w%. Let ¢ = ¢, € C*°(X) be the Monge-Ampere potential
of the volume form w” i.e. w = wx + ddp and

(wx + dd“p)" = fwy, max ¢ = 0.

Let m, be the modulus of continuity of ¢ in the metric space (X, d.,).
Then we have
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UNIFORM A PRIORI ESTIMATES

o If |f,lLp(x) < A with p>1, then Va €]0,2/(ng + 1),
mﬂf’(r) < Cra’

where ¢ = C(a, p, A,wx) > 0 ([Kolodziej [Kol08],[DDGKPZ14]).
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o If |f,lLp(x) < A with p>1, then Va €]0,2/(ng + 1),
m%’(r) < Cra’

where ¢ = C(a, p, A,wx) > 0 ([Kolodziej [Kol08],[DDGKPZ14]).
o If Np(f,) := [y fu| log £,)[Pwl < A with p > n then

my(r) < Cllog r|",

where C = C(p, A, wx) > 0 (Guo-Phong-Tong-Wang [GPTW22]).
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o If |f,lLp(x) < A with p>1, then Va €]0,2/(ng + 1),
m%’(r) < Cra’

where ¢ = C(a, p, A,wx) > 0 ([Kolodziej [Kol08],[DDGKPZ14]).
o If Np(f,) := [y fu| log £,)[Pwl < A with p > n then

my(r) < Cllog r|",

where C = C(p, A, wx) > 0 (Guo-Phong-Tong-Wang [GPTW22]).
o If In(f,) == [y fu| log f,|"[log(log(f + 3)]Pw% < A, with p > n, then

(K) my(r) < Cllog(—log r)]* /",

where C = C(p, A, wx) > 0 (Guedj-Guenancia-Z. [GGZ23]).
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A UNIFORM UPPER BOUND ON THE DIAMETER
Main results

Ou first main result is as follows.

Theorem A ([GGZ23)])

Let (X,wx) be a compact Kahler manifold of dimension n. Let KL C KC(X)
be a compact subset of the Kahler cone. Then for any Kahler metric w
such that [w] € IC and the density f,, := w" Jw¥ of its volume form satisfies
the integrability condition (K) with p > 2n i.e.

v
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Main results

Ou first main result is as follows.

Theorem A ([GGZ23)])

Let (X,wx) be a compact Kahler manifold of dimension n. Let KL C KC(X)
be a compact subset of the Kahler cone. Then for any Kahler metric w
such that [w] € IC and the density f,, := w" Jw¥ of its volume form satisfies
the integrability condition (K) with p > 2n i.e.

I(fy) = /X fo(|log f,]" (log log(f, + 3))P wk < A < 400,

v

Ahmed Zeriahi (IMT) DIAMETER ESTIMATES Portoroz Conference 14 /27



A UNIFORM UPPER BOUND ON THE DIAMETER
Main results

Ou first main result is as follows.
Theorem A ([GGZ23])

Let (X,wx) be a compact Kahler manifold of dimension n. Let KL C KC(X)
be a compact subset of the Kahler cone. Then for any Kahler metric w
such that [w] € IC and the density f,, := w" Jw¥ of its volume form satisfies
the integrability condition (K) with p > 2n i.e.

I(fy) = /X fo(|log f,]" (log log(f, + 3))P wk < A < 400,

we have diam(X,w) < G = Gi(A, p, n, K, wx).
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A UNIFORM UPPER BOUND ON THE DIAMETER
Main results

Ou first main result is as follows.
Theorem A ([GGZ23])

Let (X,wx) be a compact Kahler manifold of dimension n. Let KL C KC(X)
be a compact subset of the Kahler cone. Then for any Kahler metric w
such that [w] € IC and the density f,, := w" /w% of its volume form satisfies
the integrability condition (K) with p > 2n i.e.

I(fy) = /X fo(|log f,]" (log log(f, + 3))P wk < A < 400,

we have diam(X,w) < C; = Gi(A, p, n, K,wx). More precisely, for any
0 <y < p/2 — n, there exists a constant C; = Gy(A, p,v,K,wx) > 0 such
that for any (x,y) € X2 with d,(x,y) <1,

du(x,y) < G [log(2 + |log duy (x, y))II 7.
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A UNIFORM UPPER BOUND ON THE DIAMETER

Previous results :
Uniform estimates on the diameter of (X, w) were obtained by :
@ (A) Fu-Guo-Song ('20) assuming that :

(1) [1follexy < A with p > 1
(/i) Ric(w) > —Bw for some constant B > 0.
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Previous results :

Uniform estimates on the diameter of (X, w) were obtained by :
@ (A) Fu-Guo-Song ('20) assuming that :
(1) folle(xy < A with p > 1;
(i) Ric(w) > —Bw for some constant B > 0.
(

e (B) Yang Li ('21) assuming the condition (/);
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A UNIFORM UPPER BOUND ON THE DIAMETER

Previous results :

Uniform estimates on the diameter of (X, w) were obtained by :
@ (A) Fu-Guo-Song ('20) assuming that :
(1) [[folle(x) < A with p > 1;
(/i) Ric(w) > —Bw for some constant B > 0.
e (B) Yang Li ('21) assuming the condition (/);
e (O) Guo Phong—Song—Sturm ('22) assuming the following conditions :
(i)Y N fxf||ogf]P<A with p > n;
(i) w ” > ywy where v > 0 is a smooth function such that
dimy(771(0)) < 2n — 1 (removed very recently by V.Guedj-Tat Dat
T624, GPSS24, Duc-Viet Vu24).
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Previous results :

Uniform estimates on the diameter of (X, w) were obtained by :
@ (A) Fu-Guo-Song ('20) assuming that :
(1) [[folle(x) < A with p > 1;
(/i) Ric(w) > —Bw for some constant B > 0.
e (B) Yang Li ('21) assuming the condition (/);
e (O) Guo Phong—Song—Sturm ('22) assuming the following conditions :
(i)Y N fxf||ogf]P<A with p > n;
(i) w ” > ywy where v > 0 is a smooth function such that
dimy(771(0)) < 2n — 1 (removed very recently by V.Guedj-Tat Dat
T624, GPSS24, Duc-Viet Vu24).

@ (B) and (C) allow degeneration of the Kahler class [w].
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A UNIFORM UPPER BOUND ON THE DIAMETER

Previous results :

Uniform estimates on the diameter of (X, w) were obtained by :
@ (A) Fu-Guo-Song ('20) assuming that :
(1) [[folle(x) < A with p > 1;
(/i) Ric(w) > —Bw for some constant B > 0.
e (B) Yang Li ('21) assuming the condition (/);
e (O) Guo Phong—Song—Sturm ('22) assuming the following conditions :
(i)Y N fxf||ogf]P<A with p > n;
(i) w ” > ywy where v > 0 is a smooth function such that
dimy(771(0)) < 2n — 1 (removed very recently by V.Guedj-Tat Dat
T624, GPSS24, Duc-Viet Vu24).

@ (B) and (C) allow degeneration of the Kahler class [w].

e (C) gives remarkable estimates on the Riemannian Green function
and a non-collapsing estimates of the volumes of balls of (X, w),
without using any lower bound on the Ricci curvature.
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A UNIFORM UPPER BOUND ON THE DIAMETER

More results

We improve the diameter estimates of (A).
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A UNIFORM UPPER BOUND ON THE DIAMETER

More results

We improve the diameter estimates of (A).

Theorem B ([GGZ23])

Assume that K C Kx C HY(X,R) is a compact subset of the Kahler

cone and fix constants A, B, C > 0. Then for any Kihler class [w] € K
such that

o (1) lewlleeqxy < C;
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More results

We improve the diameter estimates of (A).

Theorem B ([GGZ23])

Assume that K C Kx C HY(X,R) is a compact subset of the Kahler

cone and fix constants A, B, C > 0. Then for any Kihler class [w] € K
such that

o (1) lewlleeqxy < C;
® (2) Ric(w) > —Aw — Bwy,
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A UNIFORM UPPER BOUND ON THE DIAMETER

More results

We improve the diameter estimates of (A).
Theorem B ([GGZ23])

Assume that KK C Kx C HY(X,R) is a compact subset of the Kihler

cone and fix constants A, B, C > 0. Then for any Kihler class [w] € K
such that

o (1) lewlleeqxy < C;
e (2) Ric(w) > —Aw — Bwx,
we have diam(X,w) < D, where D = D(A, B, C,K) > 0.
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More results

We improve the diameter estimates of (A).
Theorem B ([GGZ23])

Assume that KK C Kx C HY(X,R) is a compact subset of the Kihler
cone and fix constants A, B, C > 0. Then for any Kihler class [w] € K
such that

o (1) l@wllieo(xy < C;
e (2) Ric(w) > —Aw — Bwx,
we have diam(X,w) < D, where D = D(A, B, C,K) > 0.

Remarks :

e Condition (/) (resp. (i")) implies (1) by Kolodziej's a priori estimates.
e Condition (2) does not imply (1).
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More results

We improve the diameter estimates of (A).
Theorem B ([GGZ23])

Assume that KK C Kx C HY(X,R) is a compact subset of the Kihler
cone and fix constants A, B, C > 0. Then for any Kihler class [w] € K
such that

o (1) l@wllieo(xy < C;
e (2) Ric(w) > —Aw — Bwx,
we have diam(X,w) < D, where D = D(A, B, C,K) > 0.

Remarks :
e Condition (/) (resp. (i")) implies (1) by Kolodziej's a priori estimates.
e Condition (2) does not imply (1).
@ There are examples where (2) is satisfied and the diameters are
uniformly bounded while the potentials are not.
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A UNIFORM UPPER BOUND ON THE DIAMETER

We also extend the result of Y. Li by proving
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A UNIFORM UPPER BOUND ON THE DIAMETER

We also extend the result of Y. Li by proving
Proposition C ([GGZ23))

Assume that fol Y m:a(t) dt < 4o00. Then 3 C = C(X,wx) > 0 such that

du(x,y) < Cmy(duy(x,y)), Y(x,y) € X2,

where my(r) == [, —th“’(t)dt.
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A UNIFORM UPPER BOUND ON THE DIAMETER

We also extend the result of Y. Li by proving
Proposition C ([GGZ23))

Assume that fol V() gt < oo, Then3 C = C(X,wx) > 0 such that

t

dw(Xay) < le(de(X,_)/)), V(Xay) € XZ’

where my(r) = [; ¥ mt“’(t) dt.

Remarks.
o If f, € LP with p > 1, the Dini type condition is satisfied.
e If Ny(f,) < 400, the Dini type condition is satisfied only if p > 3n.
e If I,(f,) < oo, the Dini type condition is never satisfied.

So Theorem A does not follow from Proposition C.
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A UNIFORM UPPER BOUND ON THE DIAMETER

Sketch of the proof of Theorem A :

We assume for simplicity that X = P”, wx = wgs is the Fubini-Study

metric and w = wgrs + ddp > 0, where ¢ = ¢, is the Monge-Ampeére
potential i.e. (wrs + dd¢)" = fwk.
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Sketch of the proof of Theorem A :

We assume for simplicity that X = P”, wx = wgs is the Fubini-Study
metric and w = wgrs + ddp > 0, where ¢ = ¢, is the Monge-Ampeére
potential i.e. (wrs + dd¢)" = fwk.

We are assuming that f,, satisfies the condition /,(f,) < 400 with
exponent p > 2n.
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We assume for simplicity that X = P”, wx = wgs is the Fubini-Study
metric and w = wgrs + ddp > 0, where ¢ = ¢, is the Monge-Ampeére
potential i.e. (wrs + dd¢)" = fwk.

We are assuming that f,, satisfies the condition /,(f,) < 400 with
exponent p > 2n. We will use the estimate on the modulus of continuity
of ¢. Indeed by Lemma C, we have for 0 < r << 1,
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We assume for simplicity that X = P”, wx = wgs is the Fubini-Study
metric and w = wgrs + ddp > 0, where ¢ = ¢, is the Monge-Ampeére
potential i.e. (wrs + dd¢)" = fwk.

We are assuming that f,, satisfies the condition /,(f,) < 400 with
exponent p > 2n. We will use the estimate on the modulus of continuity
of ¢. Indeed by Lemma C, we have for 0 < r << 1,

C
") = fog(~Tog T )

where 6 := p/n—2> 0.
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Sketch of the proof of Theorem A :

We assume for simplicity that X = P”, wx = wgs is the Fubini-Study
metric and w = wgrs + ddp > 0, where ¢ = ¢, is the Monge-Ampeére
potential i.e. (wrs + dd¢)" = fwk.

We are assuming that f,, satisfies the condition /,(f,) < 400 with
exponent p > 2n. We will use the estimate on the modulus of continuity
of ¢. Indeed by Lemma C, we have for 0 < r << 1,

C
") = fog(~Tog T )

where 6 := p/n—2> 0.

Goal : Fix xg € X and x € X and estimate the distance function
p(x) := d,(x, x0), using the condition (2).
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A UNIFORM UPPER BOUND ON THE DIAMETER

Step 1: Use the pluricomplex Green function

Let y — g«() be the pluricomplex Green function with logarithmic pole
at x on the complex projective space P".
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A UNIFORM UPPER BOUND ON THE DIAMETER

Step 1: Use the pluricomplex Green function

Let y — g«() be the pluricomplex Green function with logarithmic pole
at x on the complex projective space P".
It satisfies the following properties :

@ gx is smooth in P\ {x} and wrs + ddygx > 0;
0 0 < —g(y) = —logdps(x,y) + O(1), for y ~ x;
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Step 1: Use the pluricomplex Green function

Let y — g«() be the pluricomplex Green function with logarithmic pole
at x on the complex projective space P".
It satisfies the following properties :

@ gx is smooth in P\ {x} and wrs + ddygx > 0;
° 0< —gdy) =—logdrs(x,y) + O(1), for y ~ x;
o (wrs + ddygx)™ = dxwis in the sense of currents on P
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A UNIFORM UPPER BOUND ON THE DIAMETER

Step 1: Use the pluricomplex Green function

Let y — g«() be the pluricomplex Green function with logarithmic pole
at x on the complex projective space P".
It satisfies the following properties :

@ gx is smooth in P\ {x} and wrs + ddygx > 0;

0 0 < —gu(y) = —logdrs(x,y) + O(1), for y ~ x;

o (wrs + ddygx)™ = dxwis in the sense of currents on P
Recall that p := d,,(-, x0) and x € X is fixed. Then

p(x) = /X o) (wrs + ddSg.)", 0= p(xo) = /X p(y)(wrs + ddSgse)"™
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A UNIFORM UPPER BOUND ON THE DIAMETER

We then write
p(x) = /X o) [(rs + ddSg)" — ws] /X o) [(wrs + ddSgsg)" — i,

It's enough to estimate the following integral (x is fixed):

= [ o)l(wrs + ddg.)" —wps)

Set wg, 1= wFs + dd“gy and observe that

n—1
(wrs + dd“gy)" — wis = dd gy N ngx A w,’}gkfl.
k=0
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A UNIFORM UPPER BOUND ON THE DIAMETER

Hence | = ZZ;}) I, where for 0 < k< n-—1

Iy = /,oddch/\wélﬁx/\w,'f-gk—l
X

= / dgx AN dp A ng A wﬁ;kil (Stokes formula).
X
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A UNIFORM UPPER BOUND ON THE DIAMETER

Hence | = ZZ;}) I, where for 0 < k< n-—1

Iy = /,oddch/\wélﬁx/\w,'f-gk—l
X

= / dgx AN dp A ng A wﬁ;kil (Stokes formula).
X

The most singular term is when k =n—1 i.e.

Iy = / dgx Adp Awp .
X

Portoroz Conference 21/27
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A UNIFORM UPPER BOUND ON THE DIAMETER

Step 2: Introduce a positive weight and use Cauchy-Schwarz inequality
Then

s ()R < ( / x"(gx>dngngwag;1) 3)
X (/Xx”(gx)‘ldpAdcpAwgf), (4)

where xy : R™ — R is a smooth convex increasing function such that
X'(—o0) = 0 and x’(0) < 1 to be chosen later.
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A UNIFORM UPPER BOUND ON THE DIAMETER

Step 2: Introduce a positive weight and use Cauchy-Schwarz inequality
Then

s ()R < ( / x"(gx)dngngwaggl) 3)
X (/Xx”(gx)‘ldpAdcpAwg;l), (4)

where xy : R™ — R is a smooth convex increasing function such that
X'(—o0) = 0 and x’(0) < 1 to be chosen later.
Observe then that x(gx) is wrs-psh in X and

wes +ddx(gx) = X"(gx)dgx N dg + X (g« )we, + (1 — X'(&x))wFs
> X"(gx)dg« N d°gx > 0.
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A UNIFORM UPPER BOUND ON THE DIAMETER

Step 2: Introduce a positive weight and use Cauchy-Schwarz inequality
Then

s ()R < ( / x"(gx)dngngwaggl) 3)
X (/Xx”(gx)‘ldpAdcpAwg;l), (4)

where xy : R™ — R is a smooth convex increasing function such that
X'(—o0) = 0 and x’(0) < 1 to be chosen later.
Observe then that x(gx) is wrs-psh in X and

wes +ddx(gx) = X"(gx)dgx N dg + X (g« )we, + (1 — X'(&x))wFs
> X"(gx)dg« N d°gx > 0.

Then the first term in the RHS of the inequality (3) can be estimated by
/ [wes + dd“x(gx)] A ng A w,’f-gkfl = / wis = 1.
X X
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A UNIFORM UPPER BOUND ON THE DIAMETER

It remains to estimate the second term defined by

Iroa(x) = /X dp A d%p AWITL iy = X" (g)

Step 3 : Use Yang Li observation
Since p = d,(+, x0) is Lipschitz w.r.t. d,, then ||[Vp|l, <1 a.e. and then
dp A dp <w (by Y.Li [Li21]). Recall that w := wrs + dd .
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A UNIFORM UPPER BOUND ON THE DIAMETER

It remains to estimate the second term defined by

Iroa(x) = /X dp A d%p AWITL iy = X" (g)

Step 3 : Use Yang Li observation
Since p = d,(+, x0) is Lipschitz w.r.t. d,, then ||[Vp|l, <1 a.e. and then
dp A d°p < w (by Y.Li [Li21]). Recall that w := wrs + dd“p. Then

Iy (x) < J,_1(x) = /wa w Awggl,
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A UNIFORM UPPER BOUND ON THE DIAMETER

It remains to estimate the second term defined by

Jn—1(x) = / Yxdp N dp /\ng_17 Px = X”(gx)_l'
X
Step 3 : Use Yang Li observation

Since p = d,(+, x0) is Lipschitz w.r.t. d,, then ||[Vp|l, <1 a.e. and then
dp A d°p < w (by Y.Li [Li21]). Recall that w := wrs + dd“p. Then

Iy (x) < J,_1(x) = /wa w Awggl,

and
' (%)= / Uy WEs A ng_l +/ Uy ddp N\ ng_l.
X X
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A UNIFORM UPPER BOUND ON THE DIAMETER

It remains to estimate the second term defined by
Jnfl(X) = / Pxdp A dcp /\ng_lv (UNSES X”(gx)_l'
X
Step 3 : Use Yang Li observation

Since p = d,(+, x0) is Lipschitz w.r.t. d,, then ||[Vp|l, <1 a.e. and then
dp A d°p < w (by Y.Li [Li21]). Recall that w := wrs + dd“p. Then

Iy (x) < J,_1(x) = /wa w Awggl,

and
' (%)= / Uy WEs A ng_l +/ Uy ddp N ng_l.
X X

Again, it's enough to treat the second term which can be written as
" (x) = / Uy dd o A wQ;l = / @ ddPy A ng—l_
X X
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A UNIFORM UPPER BOUND ON THE DIAMETER

Now recall that 4, := x"(gx)~* and set h(t) := x"(t)~! so that
1y = h(gx) and

ddv, = h'(gx)ddgx + h"(gx)dgx N dgx. (5)
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Now recall that 4, := x"(gx)~* and set h(t) := x"(t)~! so that
1y = h(gx) and

ddv, = h'(gx)ddgx + h"(gx)dgx N dgx. (5)

Hence

ho1(x) = / oh' (g<)dd g Nwp t + / oh" (gx)dgx A d g Awp !
X X
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A UNIFORM UPPER BOUND ON THE DIAMETER

Now recall that 4, := x"(gx)~* and set h(t) := x"(t)~! so that
1y = h(gx) and

ddv, = h'(gx)ddgx + h"(gx)dgx N dgx. (5)

Hence

ho1(x) = / oh' (g<)dd g Nwp t + / oh" (gx)dgx A d g Awp !
X X
= / oh' (g )wg, — / oh (g )wrs Awp !
X X

+ / ph” (gx)dgx N dgx Nuwg,
X
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Now recall that 4, := x"(gx)~* and set h(t) := x"(t)~! so that
1y = h(gx) and

ddv, = h'(gx)ddgx + h"(gx)dgx N dgx. (5)

Hence

ho1(x) = / oh' (g<)dd g Nwp t + / oh" (gx)dgx A d g Awp !
X X
= / oh' (g )wg, — / oh (g )wrs Awp !
X X

+ / oh"(gx)dgx A dgx A wé’;l =: K1+ K> + Ks.
X
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A UNIFORM UPPER BOUND ON THE DIAMETER

Now recall that 4, := x"(gx)~* and set h(t) := x"(t)~! so that
1y = h(gx) and

ddv, = h'(gx)ddgx + h"(gx)dgx N dgx. (5)

Hence
ho1(x) = / oh' (g<)dd g Nwp t + / oh" (gx)dgx A d g Awp !
X X
= / oh' (g )wg, — / oh (g )wrs Awp !
X X
+ / oh"(gx)dgx A dgx A wé’;l =: K1+ K> + Ks.
X

Step 4 : Choose of the weight function and use the estimate on m,,
Set x(t) := t[log(B — t)]~7 for t < 0, where v > 0 is small enough and
B > 1 large enough so that y is increasing convex on R~ and x/(0) < 1.
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A UNIFORM UPPER BOUND ON THE DIAMETER

Now recall that 4, := x"(gx)~* and set h(t) := x"(t)~! so that
1y = h(gx) and

ddv, = h'(gx)ddgx + h"(gx)dgx N dgx. (5)

Hence

ho1(x) = / oh' (g<)dd g Nwp t + / oh" (gx)dgx A d g Awp !
X X
= / oh' (g )wg, — / oh (g )wrs Awp !
X X

+ / oh"(gx)dgx A dgx A wé’;l =: K1+ K> + Ks.
X

Step 4 : Choose of the weight function and use the estimate on m,,

Set x(t) := t[log(B — t)]~7 for t < 0, where v > 0 is small enough and
B > 1 large enough so that y is increasing convex on R~ and x/(0) < 1.
Then a straightforward computation show that as s — +o0,

h(—S) ~ S(|0g5)1+’77 h'(—s) ~ (Iog 5)1—{-'\/’ h//(_s) -~ (|Og55)7
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A UNIFORM UPPER BOUND ON THE DIAMETER

We can assume from the beginning that ¢(x) = 0. Then we have for any
y € X close to x, —gx(y) ~ log drs(x, y) and

C
eV = le(y) — ()] < e
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We can assume from the beginning that ¢(x) = 0. Then we have for any
y € X close to x, —gx(y) ~ log drs(x, y) and

C
eV = le(y) — ()] < e

Therefore |h'(gx)¢| < W < M < oo, if ¥ < §. Hence the first
and third term in the expression of J”(x) are estimated by
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y € X close to x, —gx(y) ~ log drs(x, y) and

C
eV = le(y) — ()] < e

Therefore |h'(gx)¢| < W < M < oo, if ¥ < §. Hence the first
and third term in the expression of J”(x) are estimated by

K1+K2§M</ ng-{—/w/:s/\ngl) < 2M.
X X
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A UNIFORM UPPER BOUND ON THE DIAMETER

We can assume from the beginning that ¢(x) = 0. Then we have for any
y € X close to x, —gx(y) ~ log drs(x, y) and

C
eV = le(y) — ()] < e

Therefore |h'(gx)¢| < W < M < oo, if ¥ < §. Hence the first
and third term in the expression of J”(x) are estimated by

K1+K2§M</ ng-{—/w/:s/\ngl) < 2M.
X X

It remains to estimate the third term

Kz = / oh"(gx)dgx N d g Awp .
X

Ahmed Zeriahi (IMT) DIAMETER ESTIMATES Portoroz Conference 25 /27



A UNIFORM UPPER BOUND ON THE DIAMETER

Step 5 : Use estimates on the Green function
A simple computation shows that

We, < ef2gwaS’ and dgx A\ dch < ei2gXWF5-
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Step 5 : Use estimates on the Green function
A simple computation shows that

We, < ef2gwaS’ and dgx A\ dch < ei2gXWF5-

: : 1" Cc
From the previous estimates we have |ph”(gy)| < Ca)oal e
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A UNIFORM UPPER BOUND ON THE DIAMETER

Step 5 : Use estimates on the Green function
A simple computation shows that

We, < ef2gwaS’ and dgx A\ dch < ei2gXWF5-

: : 1" Cc
From the previous estimates we have |ph”(gy)| < Ca)oal e

n
IKs| < / Vs .
= Jx e2mexlog(—gx )|t

Hence
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A UNIFORM UPPER BOUND ON THE DIAMETER

Step 5 : Use estimates on the Green function
A simple computation shows that

We, < ef2gwa5’ and dgx A\ dch < ei2gXWF5-

: : 1" Cc
From the previous estimates we have |ph”(gy)| < e oel g

n
IKs| < / Vs .
= Jx e2mexlog(—gx )|t

In local coordinates coordinates z = (zi, - - - , z,) centered at x, the last

. . . |dz|
integral is dominated by f\z\<ro P (Tog|2]) Toa(—Tog 2[5 "

convergent since § —«y > 0 (use polar coordinates in C").

Hence

which is
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Step 5 : Use estimates on the Green function
A simple computation shows that

We, < ef2gwa5’ and dgx A\ dch < e72gXWF5-

: : 1" Cc
From the previous estimates we have |ph”(gy)| < e oel g

n
IKs| < / Vs .
= Jx e2mexlog(—gx )|t

In local coordinates coordinates z = (zi, - - - , z,) centered at x, the last
|dz|

z|<ro |z[°"(— log |z]) log(— log |z])

convergent since § —«y > 0 (use polar coordinates in C").

We have established a uniform upper bound of the diameter of (X, w).

Hence

integral is dominated by f‘ [T which is
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Step 5 : Use estimates on the Green function
A simple computation shows that

We, < ef2gwa5’ and dgx A\ dch < e*2gwa5‘

: : 1" Cc
From the previous estimates we have |ph”(gy)| < e oel g

n
IKs| < / s .
= Jx e2mexlog(—gx )|t

In local coordinates coordinates z = (zi, - - - , z,) centered at x, the last
|dz|

z|<ro |z]>7(~ log |z[) log(— log |z])

convergent since § —«y > 0 (use polar coordinates in C").

We have established a uniform upper bound of the diameter of (X, w).

More refined estimates allow to prove the precise estimate of the distance

d,, in terms of the distance d,,, .

Hence

integral is dominated by f‘ [T which is
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A UNIFORM UPPER BOUND ON THE DIAMETER

Thank you for your attention
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