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First example of deformation of Bergman spaces:

Fix Y, Stein mfld, X, CC Y, strictly ¥cvx domain, E, — Y, holo v.b.
e Set X = X, x Band F =pjE, — X for some cplx mfld B.
e Assume metric b for £ smooth up vertical boundary 90X, x B.
To (E,bh) — X B B we associate

S = {f € H(X,,O(Kx, x E,)) ; /X | Flocn < +°O}
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First example of deformation of Bergman spaces:

Fix Y, Stein mfld, X, CC Y, strictly ¥cvx domain, E, — Y, holo v.b.
e Set X = X, x Band F =pjE, — X for some cplx mfld B.
e Assume metric b for £ smooth up vertical boundary 90X, x B.
To (E,bh) — X B B we associate

S = {f € H(X,,O(Kx, x E,)) ; /X | Flocn < +°O}

Note: 24 C H°(X,, O(E,)) is independent of ¢.

Thus each f € 7, defines ‘constant’ holo section of .57 — B.
= J¢ — B is a trivial vector bundle.

But the L? metric is not ‘constant’ in t.
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¢ — B is a holomorphic vector bundle of infinite rank
Choose Hilbert basis {¢1, ¢2, ...} C H, for some o € B.

e Sections f € I'(B, ) correspond to

f(z,t) := ch(t)gbj(x) <such that /Xo ‘Z Cj(t)¢j’2(-,t) < +oo>

J

e fis smooth (resp. holo) iff each ¢; € €°°(B) (resp. O(B)).
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For a smooth section f, the standard operators

= dcj(
H J
A 8tz Z ot ¢J

ot

AR @(vE f)<,t>

_ZP (a(gﬂ B3+ c(t) (VN )¢)>

are only densely defined.
e.g., Domains contain all § such that the corresponding section

Bt’

f e HY(X, 6% (Kx/p ® E))

is smooth up to the vertical boundary 90X, x B.

Dror Varolin (Stony Brook) Deformation of Bergman Spaces June 12, 2024 4 /25



From V7 we can compute the (densely defined) curvature ©(J#):
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From V7 we can compute the (densely defined) curvature ©(J#):
(6 vwf7 / b v’wfa g) - / [] (Ptva.ﬂ PtLng>
Xo

where P, : L?(b(-,t) — 44 is the Bergman projection.
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From V7 we can compute the (densely defined) curvature ©(J#):
(6 vwf7 / b vwf> g) - / [] (Ptva.ﬂ PtLng>
Xo

where P, : L?(b(-,t) — 44 is the Bergman projection.

THEOREM

Suppose that for each t € B the metric h(-,t) is Nakano-positive.
If (p*E,, b)) — X, X B is k-positive then so is # — B.
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From V7 we can compute the (densely defined) curvature ©(J#):
O )iok. )= [ 0(OW)t.0) = [ b (P-Vuf. B V)

where P, : L?(b(-,t) — 44 is the Bergman projection.

THEOREM

Suppose that for each t € B the metric h(-,t) is Nakano-positive.
If (p*E,, b)) — X, X B is k-positive then so is # — B.

e If F, is a line bundle, this result is due to Berndtsson.
In that case there is only one notion of positivity.

e Proof in the case of higher rank follows same lines
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|
Quick review of positivity

Let (E,h) — X be a holo Hermitian v.b.
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|
Quick review of positivity

Let (E,h) — X be a holo Hermitian v.b.
e The curvature of the Chern connection V = V10 + 9

0(h) = V09 4+ oV € T'(X,Hom(E, E) @ A}').

is skew-Hermitian for b.
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|
Quick review of positivity

Let (E,h) — X be a holo Hermitian v.b.
e The curvature of the Chern connection V = V10 + 9

0(h) = V9 4+ av'? e T(X,Hom(E, E) © A}Y).

is skew-Hermitian for b.
e O(h) uniquely defines a Hermitian form on T)l(’o ®FE—X

{{@v,ne@w}y = h(\ﬁ@(h)gﬁv, w)

on rank-1 tensors; then extend bilinearily.
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Quick review of positivity
Let (E,h) — X be a holo Hermitian v.b.
e The curvature of the Chern connection V = V0 49
0(h) = V9 4+ av'? e T(X,Hom(E, E) © A}Y).

is skew-Hermitian for b.
e O(h) uniquely defines a Hermitian form on T)l(’o ®FE—X

{{@v,ne@w}y = h(\ﬁ@(h)gﬁv, w)

on rank-1 tensors; then extend bilinearily.
(Recall: for T € V@ W, Rank(T) := Rank(Ly : W* = V).)
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-
Quick review of positivity
Let (E,h) — X be a holo Hermitian v.b.
e The curvature of the Chern connection V = V0 49
0(h) = V09 4+ oV € T'(X,Hom(E, E) @ A}').

is skew-Hermitian for b.
e O(h) uniquely defines a Hermitian form on T)l(’o ®FE—X

{{@v,ne@w}y = b(\/j@(h)gﬁv, w)

on rank-1 tensors; then extend bilinearily.
(Recall: for T € V@ W, Rank(T) := Rank(Ly : W* = V).)

DEFINITION

(E,b) is k-positive if {-, -}y is positive on all tensors of rank < k.

™ = = — Yot
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Quick review of positivity

Let (E,h) — X be a holo Hermitian v.b.
e The curvature of the Chern connection V = V10 + 9

0(h) = V09 4+ oV € T'(X,Hom(E, E) @ A}').

is skew-Hermitian for b.
e O(h) uniquely defines a Hermitian form on T)l(’o ®FE—X

{€ ®v.n@ why = h(V-18(h)g, w)
on rank-1 tensors; then extend bilinearily.
(Recall: for T € V@ W, Rank(T) := Rank(Ly : W* = V).)
DEFINITION

(E,b) is k-positive if {-, -}y is positive on all tensors of rank < k.
1-positive also called Griffiths-positive

™ = = — Yot
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|
Quick review of positivity

Let (E,h) — X be a holo Hermitian v.b.
e The curvature of the Chern connection V = V0 49
0(h) = V09 4+ oV € T'(X,Hom(E, E) @ A}').

is skew-Hermitian for b.
e O(h) uniquely defines a Hermitian form on T)l(’o ®FE—X

{{@v,ne@w}y = b(\ﬁ@(h)gﬁv, w)

on rank-1 tensors; then extend bilinearily.
(Recall: for T € V@ W, Rank(T) := Rank(Ly : W* = V).)

DEFINITION

(E,b) is k-positive if {-, -}y is positive on all tensors of rank < k.
1-positive also called Griffiths-positive
k-positive Vk also called Nakano-positive

™ = = — Yot
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-
The L? bundle

Same trivial family (pjE,,bh) = X, x B X B with nontrivial metric
defines . — B where

Y = {f € I'(X,, Kx, x E,) msrable ; / |f|§(. < +OO}, te€B.
X b
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-
The L? bundle

Same trivial family (pjE,,bh) = X, x B X B with nontrivial metric
defines . — B where

Y = {f € I'(X,, Kx, x E,) msrable ; / |f|§(. < +OO}, te€B.
X b

e Again .4 C I'(X,, Kx, x E,) is independent of ¢.
Hence . — B is a trivial vector bundle, with a non-trivial metric.
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-
The L? bundle

Same trivial family (pjE,,bh) = X, x B X B with nontrivial metric
defines . — B where

Y = {f € I'(X,, Kx, x E,) msrable ; / |f|§(. < +OO}, te€B.
X b

e Again .4 C I'(X,, Kx, x E,) is independent of ¢.
Hence . — B is a trivial vector bundle, with a non-trivial metric.

e Fix Hilbert basis {¢1, s, ...} C %, for some o € B.
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-
The L? bundle

Same trivial family (pjE,,bh) = X, x B X B with nontrivial metric
defines . — B where

Y = {f € I'(X,, Kx, x E,) msrable ; / |f|§(. < +OO}, te€B.
X b

e Again .4 C I'(X,, Kx, x E,) is independent of ¢.
Hence . — B is a trivial vector bundle, with a non-trivial metric.
e Fix Hilbert basis {wl, Vo, ...} C %, for some o € B.

* Sections: f(-, Zaj )b; such that {a;(t)} € ¢2 for all ¢.
j
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The L? bundle

Same trivial family (pjE,,bh) = X, x B X B with nontrivial metric
defines . — B where

Y = {f € I'(X,, Kx, x E,) msrable ; / |f|§(. < +OO}, te€B.
X b

e Again .4 C I'(X,, Kx, x E,) is independent of ¢.
Hence . — B is a trivial vector bundle, with a non-trivial metric.

e Fix Hilbert basis {wl, Vo, ...} C %, for some o € B.
* Sections: f(-, Zaj )b; such that {a;(t)} € ¢2 for all ¢.

J
% f is smooth if the a; are smooth.
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-
The L? bundle

Same trivial family (pjE,,bh) = X, x B X B with nontrivial metric
defines . — B where

Y = {f € I'(X,, Kx, x E,) msrable ; / |f|§(. < +OO}, te€B.
X b

e Again .4 C I'(X,, Kx, x E,) is independent of ¢.
Hence . — B is a trivial vector bundle, with a non-trivial metric.

e Fix Hilbert basis {wl, Vo, ...} C %, for some o € B.
* Sections: f(-, Zaj )b; such that {a;(t)} € ¢2 for all ¢.

J
% f is smooth if the a; are smooth.

* As with 7 — B, derivatives might not be square-integrable.
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Thus again we get densely defined operators

of of(z,t) z E
ﬁHT and V%fHV%f.

. 1,0 1,0 _ 1,0 1,0
Formula for the curvature: for v,w € T, CTy =Ty &Tg

(O(L)uaFt), 1) = [ (OB Dunf. Sy
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|
Note:

e % is a subspace of .%; for all ¢,

b éngomain(éjf) =07
Thus 47 C £ is a vector subbundle.
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Note:
e % is a subspace of .%; for all ¢,
® ai’ﬂ’Domain(éjf) =07
Thus 7 C £ is a vector subbundle.
By Gauss-Griffiths Formula

(1) (B(2)f, f) = (©WA)f, )+ Wf,If) forall feT(B, (X)),

where I : 57 — 7% is the second fundamental form:
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Note:
e % is a subspace of .%; for all ¢,
® aA’SJﬂ’Domain(éjf) =07
Thus 7 C £ is a vector subbundle.
By Gauss-Griffiths Formula

(1) ©@)f, =) f, f)+@f1f) forall fel'(B,C*(7)),
where I : 57 — s+ is the second fundamental form:
0f:=VvZf-v?f=v?f—-Pv?f=prv?y

Here P : ¥ — € is the fiberwise L, i.e., Bergman, projection.
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Note:
e % is a subspace of .%; for all ¢,
® aviﬂ’Domauin(éjf) =07
Thus 7 C £ is a vector subbundle.
By Gauss-Griffiths Formula

(1) ©&)f. f) = ©2)f, f)+Wf,If) forall feI(B, ¢ (X)),

where I : 77 — '+ is the second fundamental form:
If:=V?f-Vv7"f=v?f-PVv?f=pP V7S

Here P : & — J¢ is the fiberwise L, i.e., Bergman, projection.

REMARK

Formula (1) agrees with our previous curvature formula

©0F)ut.0) = [ 0(©OO)sf.0)~ [ b (B Vuf. P Vug).

o

il = = — Ty
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Proper deformation of Bergman spaces

Take (E,h) - X 2 B smooth proper (i.e., p is proper submersion).
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Proper deformation of Bergman spaces

Take (E,h) - X 2 B smooth proper (i.e., p is proper submersion).

The spaces
G = HO(Xt7OXt(KXt ® E‘Xt))

are finite-dimensional V¢ € B.
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Proper deformation of Bergman spaces

Take (E,h) - X 2 B smooth proper (i.e., p is proper submersion).

The spaces
G = HO(Xt7OXt(KXt ® E‘Xt))

are finite-dimensional V¢ € B. They admit inner products

(fg) = VA" /X (f A g.b)
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Proper deformation of Bergman spaces

Take (E,h) - X 2 B smooth proper (i.e., p is proper submersion).
The spaces

G = HO(Xt7 OXt(KXt ® E‘Xt))

are finite-dimensional V¢ € B. They admit inner products
2
(Fyn =" [ (rngh)
t

We get a Hilbert field (in the language of Lempert-Szoke)

H%::C%”—)B
teB
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Proper deformation of Bergman spaces

Take (E,h) - X 2 B smooth proper (i.e., p is proper submersion).
The spaces
M = HO(Xt7 OXt(KXt ® E‘Xt))

are finite-dimensional V¢ € B. They admit inner products
2
(Fyn =" [ (rngh)
t

We get a Hilbert field (in the language of Lempert-Szoke)

H%::C%”—)B
teB

Sections: I'(B, ) > f «— f € I'(X, Kx/p ® E)
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Proper deformation of Bergman spaces

Take (E,h) - X 2 B smooth proper (i.e., p is proper submersion).

The spaces
G = HO(Xt7OXt(KXt ® E‘Xt))

are finite-dimensional V¢ € B. They admit inner products
2
(Fyn =" [ (rngh)
t

We get a Hilbert field (in the language of Lempert-Szoke)

H%::C%”—)B
teB

Sections: I'(B, ) > f «— f € I'(X, Kx/p ® E)
DEFINITION (HOLOMORPHIC SECTIONS)

feT(B,0p(#)) £8 fe HY(X,0x(Kx/p® E))

J

i = = et

Dror Varolin (Stony Brook) Deformation of Bergman Spaces June 12, 2024 10/25



THEOREM (KODAIRA-SPENCER)
H — B is a holo v.b. <= B >t dim J% is constant. J
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THEOREM (KODAIRA-SPENCER)
H — B is a holo v.b. <= B >t dim J% is constant. J

ExampLe: Let B =H:= {Im ¢t > 0}, X := ©H and E(s) = Lp(y),
s € C\ R, where

D(s) ={0}xH—{s}xH and (z,t) ~ ((,7) <= t=7& 2—( € Z&StZL
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THEOREM (KODAIRA-SPENCER)
H — B is a holo v.b. <= B >t dim J% is constant. J

ExampLe: Let B =H:= {Im ¢t > 0}, X := ©H and E(s) = Lp(y),
s € C\ R, where

D(s) ={0}xH—{s}xH and (z,t) ~ ((,7) <= t=7& 2—( € Z&StZL

Then for each t € H
o X, is the torus C/(Z & tZ),
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THEOREM (KODAIRA-SPENCER)
H — B is a holo v.b. <= B >t dim J% is constant. J

ExampLe: Let B =H:= {Im ¢t > 0}, X := ©H and E(s) = Lp(y),
s € C\ R, where

D(s) ={0}xH—{s}xH and (z,t) ~ ((,7) <= t=7& 2—( € Z&StZL

Then for each t € H
o X, is the torus C/(Z & tZ),

e D(s)|x, :{ [0]5[8]: jzéig
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THEOREM (KODAIRA-SPENCER)
H — B is a holo v.b. <= B >t dim J% is constant. J

ExampLe: Let B =H:= {Im ¢t > 0}, X := ©H and E(s) = Lp(y),
s € C\ R, where

D(s) ={0}xH—{s}xH and (z,t) ~ ((,7) <= t=7& 2—( € Z&StZL

Then for each t € H
o X, is the torus C/(Z & tZ),

— [0]_[3]7 ngZ@tZ
'D(S)‘Xt_{ O , s€LotL

0, s¢ZDOtZ

e dimc HO(XhO(KXt ® E(S)|Xt) = { 1, s€ZatZ
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Let (E,h) = X % B be proper, and assume X is Kéhler.

PROPOSITION (BERNDTSSON)
If (E,h) — X is Nakano non-negative then ¢ — B is a holo v.b. J
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Let (E,h) = X % B be proper, and assume X is Kéhler.

PROPOSITION (BERNDTSSON)
If (E,h) — X is Nakano non-negative then ¢ — B is a holo v.b.

Proof.

By Kodaira-Spencer we must show ¢ — dim % constant (i.e., cts).
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Let (E,h) = X % B be proper, and assume X is Kéhler.

PROPOSITION (BERNDTSSON)
If (E,h) — X is Nakano non-negative then ¢ — B is a holo v.b.

Proof.

By Kodaira-Spencer we must show ¢ — dim .7 constant (i.e., cts).
By Montel’s Theorem ¢ — dim %] is upper semi-continuous.
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Let (E,h) = X % B be proper, and assume X is Kéhler.

PROPOSITION (BERNDTSSON)
If (E,h) — X is Nakano non-negative then ¢ — B is a holo v.b.

Proof.

By Kodaira-Spencer we must show ¢ — dim .7 constant (i.e., cts).

By Montel’s Theorem ¢ — dim %] is upper semi-continuous.

The L? extension theorem of Ohsawa-Takegoshi =

if h is Nakano semi-positive then there is cts linear extension operator

& M — H(X,0(Kx @ E)).

Thus ¢t — dim %4 is lower semi-continuous. O
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We can define a d-operator for .7
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We can define a d-operator for .7
IfT(B, ) >f+ feTl(X,Kx/p® E) is regular enough then

5§ff 5 Eu0f forallv e Té’g,

where

& € F(Xt,T)l(’tD) is a lift of v, i.e., dp(&,) = v.
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We can define a d-operator for .7
IfT(B, ) >f+ feTl(X,Kx/p® E) is regular enough then

5§ff 5 Eu0f forallv e Té’g,

where
& € F(Xt,T)l(’tD) is a lift of v, i.e., dp(&,) = v.

Well-defined: If £ is another lift of v then n:= &, — & is vertical, so
Eoa0f — & 00f = 7udf =0

because f is holomorphic along fibers.
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We can define a d-operator for .7
IfT(B, ) >f+ feTl(X,Kx/p® E) is regular enough then

ajjff 5 Eu0f forallv e Té’g,

where
& € F(Xt,T)l(’tD) is a lift of v, i.e., dp(&,) = v.

Well-defined: If £ is another lift of v then n:= &, — & is vertical, so
Eva0f — € 0f =7120f =0
because f is holomorphic along fibers.

REMARK J

Note: 07 is well-defined even if % — B is not a v.b.
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Now try to compute Chern connection:
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Now try to compute Chern connection:
For sections f,g : B — J such that f,g € H°(X, T (Kx/p® E))

G0 = [ (70 A g0 D)

Xt
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Now try to compute Chern connection:
For sections f,g : B — J such that f,g € H°(X, T (Kx/p® E))

G0 = [ (70 A g0 D)

Xt

_ /Xt Lg, <f(,t) Ag(-,t), bt> <Wh€1"e dp(§;) = 5;)
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Now try to compute Chern connection:
For sections f,g : B — J such that f,g € H°(X, T (Kx/p® E))

2.0 = /x CCONTICDNY

- /XtL5j<f(-’t)/\g(.’t)7bt> (wheredp(gj) (;;)
= /Xt<L10f( t) A (t),ht>+/x<f(-,t)Am,ht>

t
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Now try to compute Chern connection:
For sections f,g : B — J such that f,g € H°(X, T (Kx/p® E))

;tj(f,g):aij/Xt<f("t)A9("t)7bt>
_ /}(L5j<f(',t)/\m7bt> (wheredp(ﬁj) 8(;)
= [ (RS0 AGED )+ [ (760 A E Dot

= [ P e0) ATED8) & [ (5600 Eae 00

Dror Varolin (Stony Brook) Deformation of Bergman Spaces June 12, 2024 14 /25



Now try to compute Chern connection:
For sections f,g : B — J such that f,g € H°(X, T (Kx/p® E))

55 0.9 = 35 . <f<-,t> A 90,5
_ /Xng (£ 0) A g(8), (Wheredp(gﬂ) ai)
= [ (e ngtanty+ [ (560 nGaet0.0)
,bt> /< 1) A &j20g(-,1).b")
(157)

g9(:
= [ (R (' re0)ng
R
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Now try to compute Chern connection:
For sections f,g : B — J such that f,g € H°(X, T (Kx/p® E))

55 0.9 = 35 . <f(-,t) ATCDL )
= /Xsz <f( t) A gl 1), (Where dp(&;) = ai)
= / (L F (1) Ag(o8).b +/Xt ) A &209(-1).5")
= [ (mren) A W,bf>+/x<f<-,mm,ht>
)~

= /Xt<Pt(L10f( t)

ICON SRR (XY
On the other hand,

;tj (F.0) = (V% 0) + (1,07 9)
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Therefore we have

(V774 %0) = [, (7 (180500) ol 00').
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Therefore we have
v 10 1,0 0/ Nt
(v %8) = /Xt<Pt(L5j F1) A g0,
To extract the formula
V0 e B (L0 £ (1),
we need to know that

(2) eval,(HY(B, ¢ (/))) C s is dense for every t € B.
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Therefore we have

v 10 1,0 0/ Nt
(v %8) = /Xt<Pt(L5j F1) A g0,
To extract the formula
V0 e B (L0 £ (1),
we need to know that

(2) eval,(HY(B, ¢ (/))) C s is dense for every t € B.

PROPOSITION
(2) holds iff 7 — B is a holo v.b. J
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Therefore we have

v 10 1,0 0/ Nt
(v 9) = /Xt<Pt(L5j ) AgloB),b").
To extract the formula
V0 e B (L0 £ (1),
we need to know that

(2) eval,(HY(B, ¢ (/))) C s is dense for every t € B.

PROPOSITION
(2) holds iff 7 — B is a holo v.b.

Proof.

As in previous proof:

Montel = t — dim J% u.s.c.

(2) = t — dim 74 Ls.c. O

v
et

= i - = =
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In the case in which J# — B is locally trivial
e Berndtsson computed the curvature of 5 — B when Rank(E) =1
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In the case in which J# — B is locally trivial
e Berndtsson computed the curvature of 5 — B when Rank(E) =1
e Liu and Yang did the higher rank curvature;
Same proof, but they also obtained a number of other formulas
from integration by parts.
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In the case in which J# — B is locally trivial
e Berndtsson computed the curvature of 5 — B when Rank(E) =1
e Liu and Yang did the higher rank curvature;

Same proof, but they also obtained a number of other formulas
from integration by parts.

THEOREM (BERNDTSSON)

If X B B is a Kdhler family and Rank(E) = 1 and O(h) is
non-negative (resp. positive) then F is Nakano non-negative (resp.
positive).
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In the case in which J# — B is locally trivial
e Berndtsson computed the curvature of 5 — B when Rank(E) =1
e Liu and Yang did the higher rank curvature;
Same proof, but they also obtained a number of other formulas
from integration by parts.

THEOREM (BERNDTSSON)

If X B B is a Kdhler family and Rank(E) = 1 and O(h) is
non-negative (resp. positive) then F is Nakano non-negative (resp.
positive).

REMARK
Theorem not an immediate consequence of the curvature formula.
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e Berndtsson computed the curvature of 5 — B when Rank(E) =1
e Liu and Yang did the higher rank curvature;
Same proof, but they also obtained a number of other formulas
from integration by parts.

THEOREM (BERNDTSSON)

If X B B is a Kdhler family and Rank(E) = 1 and O(h) is
non-negative (resp. positive) then F is Nakano non-negative (resp.
positive).

REMARK

Theorem not an immediate consequence of the curvature formula.
Requires Hodge-Lefschetz Theory of Kéhler manifolds
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In the case in which J# — B is locally trivial
e Berndtsson computed the curvature of 5 — B when Rank(E) =1
e Liu and Yang did the higher rank curvature;
Same proof, but they also obtained a number of other formulas
from integration by parts.

THEOREM (BERNDTSSON)

If X B B is a Kdhler family and Rank(E) = 1 and O(h) is
non-negative (resp. positive) then F is Nakano non-negative (resp.
positive).

REMARK

Theorem not an immediate consequence of the curvature formula.
Requires Hodge-Lefschetz Theory of Kéhler manifolds

QUESTION

Can we extend such results to the non-locally trivial case?

- = = — oyt
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R
The proper L? Hilbert field

Fix (E,h) — X 5 B proper.
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R
The proper L? Hilbert field

Fix (E,h) — X 5 B proper.  Define

Y, = {f € I'(Xy, Kx, ® E) msrable ; / |f]§(, p < +oo}
Xt ’
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R
The proper L? Hilbert field

Fix (E,h) — X 5 B proper.  Define

Y, = {f € I'(Xy, Kx, ® E) msrable ; / |f]§(, p < +oo}
Xt ’

I'(B,¢%(Z)) 3 f+—f € H'(X,¢®(Kx/5 ® E))
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The proper L? Hilbert field

Fix (E,h) — X 5 B proper.  Define

Y, = {f € I'(Xy, Kx, ® E) msrable ; / |f]§(, p < +oo}
Xt ’

I'(B,¢%(Z)) 3 f+—f € H'(X,¢®(Kx/5 ® E))

To define ;7 unlike 9;7, we must choose a lift of v to X.
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The proper L? Hilbert field

Fix (E,h) — X 5 B proper.  Define

Y, = {f € I'(Xy, Kx, ® E) msrable ; / |f]§(, p < +oo}
Xt ’

(B, €*(Z)) 3 e f € H'(X, ¢ (Kx/p ® B))
To define ;7 unlike 9;7, we must choose a lift of v to X.

Pick 6 C T'x horizontal distribution, i.e., Tx D 0, dp—x% 1B p(a)-
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The proper L? Hilbert field

Fix (E,h) — X 5 B proper.  Define

Y, = {f € I'(Xy, Kx, ® E) msrable ; / |f]§(, p < +oo}
Xt ’

(B, €*(Z)) 3 e f € H'(X, ¢ (Kx/p ® B))
To define ;7 unlike 9;7, we must choose a lift of v to X.

. . A . . dpz=
Pick 6 C T'x horizontal distribution, i.e., Tx D 0, K 1B p(a)-
Because p is a holomorphic submersion, we get an isomorphism

TR 5 v € € HO(X,, €°(Ty"|x,)) s.t. 2Re €(x) € 0,
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The proper L? Hilbert field

Fix (E,h) — X 5 B proper.  Define

Y, = {f € I'(Xy, Kx, ® E) msrable ; / |f]§(, p < +oo}
Xt ’

(B, €*(Z)) 3 e f € H'(X, ¢ (Kx/p ® B))
To define ;7 unlike 9;7, we must choose a lift of v to X.

. . A . . dpz=
Pick 6 C T'x horizontal distribution, i.e., Tx D 0, K 1B p(a)-
Because p is a holomorphic submersion, we get an isomorphism

TR 5 v € € HO(X,, €°(Ty"|x,)) s.t. 2Re €(x) € 0,

’lj_lézf gefny Sﬁﬁf
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The proper L? Hilbert field

Fix (E,h) — X 5 B proper.  Define

Y, = {f € I'(Xy, Kx, ® E) msrable ; / |f]§(, p < +oo}
Xt ’

(B, €*(Z)) 3 e f € H'(X, ¢ (Kx/p ® B))
To define ;7 unlike 9;7, we must choose a lift of v to X.

. . A . . dpz=
Pick 6 C T'x horizontal distribution, i.e., Tx D 0, K 1B p(a)-
Because p is a holomorphic submersion, we get an isomorphism

TR 5 v € € HO(X,, €°(Ty"|x,)) s.t. 2Re €(x) € 0,
’lj_lézf @) Sﬁﬁf

Fact: 0707 =0 < [0M0,0%0] c 910
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The proper L? Hilbert field

Fix (E,h) — X 5 B proper.  Define

Y, = {f € I'(Xy, Kx, ® E) msrable ; / |f]§(, p < +oo}
Xt ’

I'(B,¢%(Z)) 3 f+—f € H'(X,¢®(Kx/5 ® E))

To define ;7 unlike 9;7, we must choose a lift of v to X.

. . A . . dpz=
Pick 6 C T'x horizontal distribution, i.e., Tx D 0, K 1B p(a)-
Because p is a holomorphic submersion, we get an isomorphism

TR 5 v € € HO(X,, €°(Ty"|x,)) s.t. 2Re €(x) € 0,
’lj_lézf @) Sﬁﬁf

Fact: 0907 =0 < [9'0,019] c 610
For most 0, (.£,0%) — B is not a holo vector bundle (of infinite rank).
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N
BLS Fields

DEFINITION
A BLS field is a Hilbert field $ — B with
1. (Lempert-Sz6ke) a sheaf €°°($)) — B of smooth sections s.t.
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N
BLS Fields

DEFINITION
A BLS field is a Hilbert field $ — B with
1. (Lempert-Sz6ke) a sheaf €°°($)) — B of smooth sections s.t.
a. (f,f) € €3°(U) for all f € I'(U, €>°($)), and
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N
BLS Fields

DEFINITION
A BLS field is a Hilbert field $ — B with
1. (Lempert-Sz6ke) a sheaf €°°($)) — B of smooth sections s.t.
a. (f,f) € €3°(U) for all f € I'(U, €>°($)), and
b. eval, (°°(9):) C $; is dense for every t € B
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BLS Fields

DEFINITION
A BLS field is a Hilbert field $ — B with
1. (Lempert-Sz6ke) a sheaf €°°($)) — B of smooth sections s.t.
a. (f,f) € €3°(U) for all f € I'(U, €>°($)), and
b. eval, (°°(9):) C $; is dense for every t € B
2. a (Berndtsson) O operator defined on € (£))
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N
BLS Fields

DEFINITION
A BLS field is a Hilbert field $ — B with
1. (Lempert-Sz6ke) a sheaf €°°($)) — B of smooth sections s.t.
a. (f,f) € €3°(U) for all f € I'(U, €>°($)), and
b. eval, (°°(9):) C $; is dense for every t € B

2. a (Berndtsson) O operator defined on ¢ (£))
such that for each f € €*°($)); there exists C' = C(f,t) such that

— 2
0,(f,8) = (1.0hg)| < Clol*(g,g) for all g € €();,v € T,

(3)
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N
BLS Fields

DEFINITION
A BLS field is a Hilbert field $ — B with
1. (Lempert-Sz6ke) a sheaf €°°($)) — B of smooth sections s.t.
a. (f,f) € €3°(U) for all f € I'(U, €>°($)), and
b. eval, (°°(9):) C $; is dense for every t € B

2. a (Berndtsson) O operator defined on ¢ (£))
such that for each f € €*°($)); there exists C' = C(f,t) such that

— 2
(3)  |0u(f.0) — (F.0e8)| < Clof(g,0) forall g € 6(H),v € TR

Berndtsson
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N
BLS Fields

DEFINITION
A BLS field is a Hilbert field $ — B with
1. (Lempert-Sz6ke) a sheaf €°°($)) — B of smooth sections s.t.
a. (f,f) € €3°(U) for all f € I'(U, €>°($)), and
b. eval, (°°(9):) C $; is dense for every t € B

2. a (Berndtsson) O operator defined on ¢ (£))
such that for each f € €*°($)); there exists C' = C(f,t) such that

— 2
(3)  |0u(f.0) — (F.0e8)| < Clof(g,0) forall g € 6(H),v € TR

Berndtsson Lempert
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BLS Fields

DEFINITION
A BLS field is a Hilbert field $ — B with
1. (Lempert-Sz6ke) a sheaf €°°($)) — B of smooth sections s.t.
a. (f,f) € €3°(U) for all f € I'(U, €>°($)), and
b. eval, (°°(9):) C $; is dense for every t € B

2. a (Berndtsson) O operator defined on ¢ (£))
such that for each f € €*°($)); there exists C' = C(f,t) such that

— 2
(3)  |0u(f.0) — (F.0e8)| < Clof(g,0) forall g € 6(H),v € TR

Berndtsson Lempert Szdke
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N
BLS Fields

DEFINITION
A BLS field is a Hilbert field $ — B with
1. (Lempert-Sz6ke) a sheaf €°°($)) — B of smooth sections s.t.
a. (f,f) € €3°(U) for all f € I'(U, €>°($)), and
b. eval, (°°(9):) C $; is dense for every t € B

2. a (Berndtsson) O operator defined on ¢ (£))
such that for each f € €*°($)); there exists C' = C(f,t) such that

— 2
(3)  |0u(f.0) — (F.0e8)| < Clof(g,0) forall g € 6(H),v € TR

Berndtsson Lempert Szdke

The inequality (3) defines V.°f by Riesz Rep. Thm.
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N
BLS Fields

DEFINITION
A BLS field is a Hilbert field $ — B with
1. (Lempert-Sz6ke) a sheaf €°°($)) — B of smooth sections s.t.
a. (f,f) € €3°(U) for all f € I'(U, €>°($)), and
b. eval, (°°(9):) C $; is dense for every t € B

2. a (Berndtsson) O operator defined on ¢ (£))
such that for each f € €*°($)); there exists C' = C(f,t) such that

— 2
(3)  |0u(f.0) — (F.0e8)| < Clof(g,0) forall g € 6(H),v € TR

Berndtsson Lempert Szdke

The inequality (3) defines V..’ by Riesz Rep. Thm.
Thus we have a Chern connection V = V10 + 9 (and its curvature).
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DEFINITION
If £ — B is BLS then a Hilbert subfield $§ C £ is a BLS subfield if
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DEFINITION
If £ — B is BLS then a Hilbert subfield $§ C £ is a BLS subfield if

a. $: is a closed subspace of £; for every t € B,
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DEFINITION
If £ — B is BLS then a Hilbert subfield $§ C £ is a BLS subfield if
a. $: is a closed subspace of £; for every t € B,
b. €°($H) ={f € €°(L)) ; f(t) € H; for all t € Domain(f)},
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DEFINITION
If £ — B is BLS then a Hilbert subfield $§ C £ is a BLS subfield if
a. $: is a closed subspace of £; for every t € B,
b. €°($H) ={f € €°(L)) ; f(t) € H; for all t € Domain(f)},
c. 5£’<goo(gj) =02, and
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DEFINITION

If £ — B is BLS then a Hilbert subfield $§ C £ is a BLS subfield if
¢ is a closed subspace of £; for every t € B,
C>*(H) ={f€ €>*(L)); f(t) € H for all t € Domain(f)},
5£’<goo(f)) =02, and

/o TP

The orthogonal projection P : £ — ) is smooth (maps smooth
sections to smooth sections)
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DEFINITION
If £ — B is BLS then a Hilbert subfield $§ C £ is a BLS subfield if

a. $: is a closed subspace of £; for every t € B,
b. €°($H) ={f € €°(L)) ; f(t) € H; for all t € Domain(f)},
c. 5£’<goo(f)) =02, and
d. The orthogonal projection P : £ — §) is smooth (maps smooth
sections to smooth sections) )
PROPOSITION

If £ is a BLS field and $ C £ is a BLS subfield then
a. V9 = PV*, and
b. Gauss-Griffiths Formula: for all f,g € €°°(9): and all v,w € Tllg”(z

(@(S)Uﬂ)fa g) = (@(ﬁ)vﬂ)fa g) + (]Ivf7 ]Iwg))

where Mf = VEf — VI = PLVLOY is the second fundamental form.

I T = — (o}
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Returning to the proper family (E,h) — X 4 B.
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Returning to the proper family (E,h) — X 4 B.

e If 7 — B is a holomorphic vector bundle then the Gauss-Griffiths
Formula gives a formula for the curvature of 7.
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Returning to the proper family (E,h) — X 4 B.

e If 7 — B is a holomorphic vector bundle then the Gauss-Griffiths
Formula gives a formula for the curvature of 7.

e The formula is not immediately the same as Berndtsson’s formula,
but becomes so after integration-by-parts.
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Returning to the proper family (E,h) — X 4 B.

e If 7 — B is a holomorphic vector bundle then the Gauss-Griffiths
Formula gives a formula for the curvature of 7.

e The formula is not immediately the same as Berndtsson’s formula,
but becomes so after integration-by-parts.

What if S# is not a vector bundle?
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Returning to the proper family (E,h) — X 4 B.

e If 7 — B is a holomorphic vector bundle then the Gauss-Griffiths
Formula gives a formula for the curvature of 7.

e The formula is not immediately the same as Berndtsson’s formula,
but becomes so after integration-by-parts.

What if # is not a vector bundle? (After all, this is our objective.)
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Returning to the proper family (E,h) — X 4 B.

e If 7 — B is a holomorphic vector bundle then the Gauss-Griffiths
Formula gives a formula for the curvature of 7.

e The formula is not immediately the same as Berndtsson’s formula,
but becomes so after integration-by-parts.

What if # is not a vector bundle? (After all, this is our objective.)

Then .77 is not BLS:
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Returning to the proper family (E,h) — X 4 B.

e If 7 — B is a holomorphic vector bundle then the Gauss-Griffiths
Formula gives a formula for the curvature of 7.

e The formula is not immediately the same as Berndtsson’s formula,
but becomes so after integration-by-parts.

What if # is not a vector bundle? (After all, this is our objective.)

Then .77 is not BLS: &
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Returning to the proper family (E,h) — X 4 B.

e If 7 — B is a holomorphic vector bundle then the Gauss-Griffiths
Formula gives a formula for the curvature of 7.

e The formula is not immediately the same as Berndtsson’s formula,
but becomes so after integration-by-parts.

What if # is not a vector bundle? (After all, this is our objective.)

Then 7 is not BLS: &
There is some t € B and f € . that is not interpolated by € (.7);.
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Returning to the proper family (E,h) — X 4 B.
e If 7 — B is a holomorphic vector bundle then the Gauss-Griffiths
Formula gives a formula for the curvature of 7.
e The formula is not immediately the same as Berndtsson’s formula,
but becomes so after integration-by-parts.

What if # is not a vector bundle? (After all, this is our objective.)

Then 7 is not BLS: &
There is some t € B and f € . that is not interpolated by € (.7);.

PROPOSITION
For every f € s and every Horizontal lift 0 there exists f € €°(L ),
such that

f(t)=f and 5)‘ =0 to second order at t.
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Returning to the proper family (E,h) — X 5 B.

e If 7 — B is a holomorphic vector bundle then the Gauss-Griffiths
Formula gives a formula for the curvature of 7.

e The formula is not immediately the same as Berndtsson’s formula,
but becomes so after integration-by-parts.

What if # is not a vector bundle? (After all, this is our objective.)

Then 7 is not BLS:
There is some t € B and f € ¢ that is not interpolated by €°°(J¢);.

PRroOPOSITION
For every f € 74 and every Horizontal lift 0 there exists f € € (L)
such that B

f(t)=f and Of =0 to second order at t.
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One can generalize this proposition by defining iBLS structure.
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One can generalize this proposition by defining iBLS structure.
This notion is too technical for the lecture. But ...
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One can generalize this proposition by defining iBLS structure.
This notion is too technical for the lecture. But ...
The point is that one can define

(e(g)vﬂ)fv g) - (]Ivfa ]Iwg) :
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One can generalize this proposition by defining iBLS structure.
This notion is too technical for the lecture. But ...
The point is that one can define

(e(g)vﬂ)fv g) - (]Ivfa ]Iwg) :

If the Gauss-Griffiths formula was known to be true, this would be the
curvature of J7.
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One can generalize this proposition by defining iBLS structure.
This notion is too technical for the lecture. But ...
The point is that one can define

(G(g)vﬂ)fv g) - (]Ivfa ]Iwg) :

If the Gauss-Griffiths formula was known to be true, this would be the
curvature of J#. Therefore we define

(6(%)Ulﬁfag) = (G(g)vﬁ)f’g) - (I[Ufa ]Iwg) .
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One can generalize this proposition by defining iBLS structure.
This notion is too technical for the lecture. But ...
The point is that one can define

(e(g)mf)fv g) - (]Ivfa ]Iwg) :

If the Gauss-Griffiths formula was known to be true, this would be the
curvature of J#. Therefore we define

(6(%)7)111?79) = (G(g)wﬂf’g) - (I[Ufa ]Iwg) .

One difficulty is that the right hand side seems to depend on the choice
of horizontal distribution 0, but the left hand side should not!
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One can generalize this proposition by defining iBLS structure.
This notion is too technical for the lecture. But ...
The point is that one can define

(G(g)vﬂ)fv g) - (]Ivfa ]Iwg) :

If the Gauss-Griffiths formula was known to be true, this would be the
curvature of J#. Therefore we define

(6(%)Ulﬁfag) = (G(Z)vﬁ)f’g) - (]Ivfa ]Iwg) .
One difficulty is that the right hand side seems to depend on the choice
of horizontal distribution 0, but the left hand side should not!

THEOREM
The quantity

(@("g)vwfa g) - (]Ivfa I[wg)

is independent of the horizontal distribution 6.
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Generalization of Berndtsson’s Theorem

Dror Varolin (Stony Brook) Deformation of Bergman Spaces June 12, 2024 23 /25



Generalization of Berndtsson’s Theorem

THEOREM (—)

Let (E,h) - X 2 B be proper.
If the metric b is k-positive then € — B is k-positive.
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Generalization of Berndtsson’s Theorem

THEOREM (—)

Let (E,h) - X 2 B be proper.
If the metric b is k-positive then € — B is k-positive.

Note: k-positivity of § is not known to imply local triviality of 5# for
k < min(dim X, Rank(F)).
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Generalization of Berndtsson’s Theorem

THEOREM (—)

Let (E,h) - X 2 B be proper.
If the metric b is k-positive then € — B is k-positive.

Note: k-positivity of § is not known to imply local triviality of 5# for
k < min(dim X, Rank(F)).
THEOREM (—)

There exists a projective manifold X, a Griffiths-positive holomorphic
vector bundle (E,h) — X and a smooth complex hypersurface Z C X
such that the restriction map

HY(X,0x(Kx @ E) - H*(Z,0,(Kx ® E)|2))

s not surjective.
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Since the curvature was defined in a rather odd way, it is reasonable to
ask what one can do with it.
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Since the curvature was defined in a rather odd way, it is reasonable to
ask what one can do with it.
THEOREM (—)

Suppose A — B is Griffiths negative. Let § € T(U, € (L)) such that
f(t) € A4 for allt € U. Then log(f,f) € PSH(U).
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ask what one can do with it.
THEOREM (—)

Suppose A — B is Griffiths negative. Let § € T(U, € (L)) such that
f(t) € A4 for allt € U. Then log(f,f) € PSH(U).

THEOREM (—)

Suppose F is k-positive. Let t, € B, let U C B be a coordinate nbhd of
to, and let f1,....fx € T(U, € (%)) satisfy
fi(t) € 74 for allt €U and V¥5i(t,) € A, 1<i<k.
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Since the curvature was defined in a rather odd way, it is reasonable to
ask what one can do with it.
THEOREM (—)

Suppose A — B is Griffiths negative. Let § € T(U, € (L)) such that
f(t) € A4 for allt € U. Then log(f,f) € PSH(U).

THEOREM (—)

Suppose F is k-positive. Let t, € B, let U C B be a coordinate nbhd of
to, and let f1,....fx € T(U, € (%)) satisfy
fi(t) € 74 for allt €U and V¥5i(t,) € A, 1<i<k.
Then the (n,n)-form i
—V-180 ) (i ;) TV (2)
ij=1
dV(z)

18 positive at t,, where Tﬁ(z) =
V-1dzt A dZ7
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Thanks for your attention.
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