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Surfaces and manifolds of negative curvature

M closed orientable surface of genus d > 2.
g complete Riemannian metric of negative (Gaussian) curvature K(g) < 0

~ closed geodesic on (M, g) (can self intersect)
|v]g the length of v in metric g.

K(g) < 0 = every closed curve on M can be free homotoped to a unique geodesic.
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Surfaces and manifolds of negative curvature

M closed orientable surface of genus d > 2.
g complete Riemannian metric of negative (Gaussian) curvature K(g) < 0

~ closed geodesic on (M, g) (can self intersect)
|v]g the length of v in metric g.

K(g) < 0 = every closed curve on M can be free homotoped to a‘unique geodesic.
The same holds if (M, g) is a closed Riemannian manifold of negative (sectional) curvature sec(g) < 0.
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Length spectrum for metrics
C set of all free-homotopy classes of closed curves on (M, g).

Vc € C, let . be the unique geodesic in the class c.

Lg:=A{|vclg: c€C} length spectrum
MLg :C3cr|yelg marked length spectrum

Main Rigidity Question

Does (marked) length spectrum define the metric uniquely?
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Length spectrum for metrics

C set of all free-homotopy classes of closed curves on (M, g).
Vc € C, let . be the unique geodesic in the class c.

Lg:=A{|vclg: c€C} length spectrum
MLg :C3cr|yelg marked length spectrum

Main Rigidity Question

Does (marked) length spectrum define the metric uniquely?

. up to coordinate changes,
either Lg, = Lg,

For (M M ith
Or( 73’1)7( 7g2) wi or Mﬁgl :M»ng

< g=&|ie, p'g = g for some p: M — M

orientation-preserving diffeomorphism
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Why do we expect length spectral rigidity (morally)?
(M. g), dim(M) =2, K(g) = -1, |7[g =10 - diam(M, g)
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Marked length spectral rigidity for metrics

Conjecture (Burns—Katok’85)
For dim(M) > 2 and a pair (M, g1), (M, &) of negatively curved Riemannian metrics on M,

if MLy =MLg, then g =g» (uptochange of coordinates)

Wide open!
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For dim(M) > 2 and a pair (M, g1), (M, &) of negatively curved Riemannian metrics on M,

if MLy =MLg, then g =g» (uptochange of coordinates)

Wide open!
o dim(M) = 2: Otal’'90 (using theory of geodesic flows), Croke'90; Guillarmou—Lefeuvre'19,
Guillarmou-Lefeuvre—Paternain’'23 (for Anosov geodesic flows)
o dim(M) > 2: Katok'88 (for fixed conformal classes, using ergodic theory), Hamenstadt'99 (for
locally symmetric spaces, using rigidity of entropy due to Besson—Courtois—Gallot'95),
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Marked length spectral rigidity for metrics

Conjecture (Burns—Katok’85)
For dim(M) > 2 and a pair (M, g1), (M, &) of negatively curved Riemannian metrics on M,

if MLy =MLg, then g =g» (uptochange of coordinates)

Wide open!
o dim(M) = 2: Otal’'90 (using theory of geodesic flows), Croke'90; Guillarmou—Lefeuvre'19,
Guillarmou-Lefeuvre—Paternain’'23 (for Anosov geodesic flows)
o dim(M) > 2: Katok'88 (for fixed conformal classes, using ergodic theory), Hamenstadt'99 (for
locally symmetric spaces, using rigidity of entropy due to Besson—Courtois—Gallot'95),
Guillarmou-Lefeuvre'19 (local rigidity, using X-ray transforms)

Theorem (Guillarmou—Lefeuvre'19)
Let (M, g) be a closed Riemannian manifold of dimension n > 3 with sec(g) < 0. Then there exist
e >0, N = N(n) so that if gy is another smooth metric on M with sec(go) < 0 and such that

MLgy = MLg, |lgo—&gllcvmy <&, then gy =g (up to change of coordinates).
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T . ?
Length spectral rigidity for metrics (L, = L, = g1 = &)
In general, this is not true (examples of Sunada and Vigneras).

However, the following local length spectral rigidity question (analogous to Guillarmou-Lefeuvre's
result) is completely open!

Question/Conjecture (Sarnak)

Are metrics of negative curvature locally rigid with respect to their length spectra?
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T . ?
Length spectral rigidity for metrics (L, = L, = g1 = &)
In general, this is not true (examples of Sunada and Vigneras).

However, the following local length spectral rigidity question (analogous to Guillarmou-Lefeuvre's
result) is completely open!

Question/Conjecture (Sarnak)

Are metrics of negative curvature locally rigid with respect to their length spectra?

Le., given (M, g) with sec(g) < 0, there exist € > 0 and N > 0 such that if g, is another smooth metric
on M with sec(gy) < 0 and such that

Loy =Lg, |lgo—gllevmy <&, then go=g (up to change of coordinates).

... Related to Laplace spectral rigidity question (Kac's famous ‘Can you hear the shape of the drum?")

A simpler question?
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Moral 2-step reduction

Geodesic flows
(3-dimensional)

Periodic trajectories =
closed geodesics

Anosov diffeomorphisms
(2-dimensional)

Periodic points

Expanding maps on the
circle

(1-dimensional)

Periodic points
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Expanding circle maps
S! = R/Z

For today, f: S* — S! is expanding circle map if f is a C*-smooth (s > 1) degree d > 2 orientation
preserving covering of S such that f/(x) > A > 1, Vx € S!, normalized as f(0) = 0.
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Expanding circle maps
S! = R/Z

For today, f: S* — S! is expanding circle map if f is a C*-smooth (s > 1) degree d > 2 orientation
preserving covering of S such that f/(x) > A > 1, Vx € S!, normalized as f(0) = 0.

Examples:
Fq: x— dx mod 1 (degree d € N, d > 2) X+ 3x +sin(2rx) mod 1

ole&,rez 3

o‘.a&{'Ez 2,
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Combinatorics of expanding circle maps

Theorem (Shub’69)

Every degree d > 2 expanding circle map f is topologically conjugate to F4: x — dx mod 1 via an
orientation-preserving homeomorphism ¢: St — St, (0) = 0:

o lofop=F,

Up to a topological change of coordinates, all expanding circle maps of degree d are the same = all
maps have the same combinatorics of periodic orbits!
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Combinatorics of expanding circle maps

Theorem (Shub’69)

Every degree d > 2 expanding circle map f is topologically conjugate to F4: x — dx mod 1 via an
orientation-preserving homeomorphism ¢: St — St, (0) = 0:

o lofop=F,

Up to a topological change of coordinates, all expanding circle maps of degree d are the same = all
maps have the same combinatorics of periodic orbits!

Theorem (Sullivan’88)
@ is quasisymmetric, and hence Hélder continuous. J

It follows that any two expanding circle maps f, g of the same degree are topologically conjugate via
some quasisymmetric homeomorphism 1. However, 1) cannot be better than that (usually, it is nowhere
differentiable)!
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Periodic cycles and length spectrum

o C C Sl is a periodic cycle, with period per(C) = n,

if |C| =n, F4(C) = C, and Fy|¢ is a cyclic permutation.
Fg: x — dx mod 1 .
o every x € C has period per(x) =n
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Periodic cycles and length spectrum
o C C Sl is a periodic cycle, with period per(C) = n,

if |C| =n, F4(C) = C, and Fy|¢ is a cyclic permutation.

Fo:x—d d1l .
4 X X mo o every x € C has period per(x) = n < x = 524, pe N.

o C = the set of all periodic cycles of Fy.

Example: Q — 5
.—O‘éf_*:g__.&_.@ J:z; n=3 2 -4 =7
o 2L 2 £ 4

A2 32 4 5
Z 7 7 7 7 7
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Periodic cycles and length spectrum

o C C S!is a periodic cycle, with period per(C) = n,
if |C| =n, F4(C) = C, and Fy|¢ is a cyclic permutation.
Fg: x — dx mod 1 . p
o every x € C has period per(x) = n < x = 524, pe N.
o C = the set of all periodic cycles of Fy.

Example:
10

2 J: Z; h= 3
0 4 _ )
tXFOV\@w‘{“\a% D@W
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Periodic cycles and length spectrum

Fg: x — dx mod 1

Example:

o C C Sl is a periodic cycle, with period per(C) = n,

if |C| =n, F4(C) = C, and Fy|¢ is a cyclic permutation.
o every x € C has period per(x) = n < x = 524, pe N.
o C = the set of all periodic cycles of Fy.

v > 2
PP G i W s ) d=2 nh=23 2 -1 =43
o L 22 4« v &£ 4 ’
7777 3 Z
o for C € C, p(C) is the corresponding periodic cycle for f, per(p(C)) = per(C).

(*]

Clr = log f'((x)) the length of ¢(C)
xeC

(in fact, elIr is the multiplier (f")'(x), x € ¢(C), n = per(C))
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o C = the set of all periodic cycles of Fy.

¢ 3
Q,_@/\é_&.b___ o] aﬂ:z} nh=23 Z -1 =4
o L 2 2 v v £ 4

£ F 7T 7 F F

o for C € C, p(C) is the corresponding periodic cycle for f, per(p(C)) = per(C).
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Periodic cycles and length spectrum
o C C Sl is a periodic cycle, with period per(C) = n,
if |C| =n, F4(C) = C, and Fy|¢ is a cyclic permutation.
Fg: x — dx mod 1 .
o every x € C has period per(x) = n < x = 524, pe N.

o C = the set of all periodic cycles of Fy.

Example: T
P Q._.‘/éﬁ;ﬁb_._d__q d=2 n=3 2371 =3
o A2 2 ¢« v £ 4 ’
7777 7%

o for C € C, p(C) is the corresponding periodic cycle for f, per(p(C)) = per(C).

°
f Clr = log f'((x)) the length of ¢(C)

xeC

(in fact, elIr is the multiplier (f")'(x), x € ¢(C), n = per(C))

Lq:={|Clf: Ce(C} length spectrum of f
MLr:C>Cr— |Clf marked’ length spectrum of f
Note: a) Lg, = {n-logd: n € N};
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Periodic cycles and length spectrum
o C C Sl is a periodic cycle, with period per(C) = n,
if |C| =n, F4(C) = C, and Fy|¢ is a cyclic permutation.
Fg: x — dx mod 1 .
o every x € C has period per(x) = n < x = 524, pe N.

o C = the set of all periodic cycles of Fy.

Example: -
Q._ﬂ‘/?ﬁ‘\*g*»_.ﬁ d=2 n=3 23—1 =7
o L2z 2« v &£ 4 ’
7777 7 7
o for C € C, p(C) is the corresponding periodic cycle for f, per(p(C)) = per(C).
°
f Clr = log f'((x)) the length of ¢(C)
xeC

(in fact, elIr is the multiplier (f")'(x), x € ¢(C), n = per(C))

Lq:={|Clf: Ce(C} length spectrum of f
MLr:C>Cr— |Clf marked length spectrum of f

Note: a) Lg, = {n-logd: n € N}; b) if h: S' — St is a diffeomorphism, then £ = Ly-1070p-
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Why ‘length’ spectrum? (A digression, due to McMullen)

Bd:{ z)—zH

— Vf € By, f|s is a degree d
circle map

|a,|<1}

> 2 expanding

1-—73;

All periodic cycles with |C|f < log2 are simple and
‘disjoint’
3 simple cycle C with |C|s =

0(d)

If (Gi)7 is a binding collection of cycles, then VM,
the closure of

{fGBdZ Z‘C,Lrg M}

1

is cpt in the moduli space of degree d rational maps

Hyperbolic surfaces X = (S, g) of genus d > 1
(with curvature K(g) = —1)

All closed geodesics with |v|; < log(3 + 2v/2) are
simple and disjoint

3 simple closed geodesic v with |v|g = O(log d)

If (/)] is a binding collection of closed geodesics,
then VM,

{ = (S, g) € Teich(S Z 1yilg < }

is compact in Teich(S)
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Length spectral rigidity for expanding circle maps

Main Rigidity Question

Does (marked) length spectrum define the expanding circle map uniquely?
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Length spectral rigidity for expanding circle maps

Main Rigidity Question

Does (marked) length spectrum define the expanding circle map uniquely?

Theorem (Shub—Sullivan’85)

Let f,g be two C*-smooth (s > 2; s = 00, s = w) expanding circle maps of degree d > 2.
If MLf =ML, then f=g uptoa C°-smooth change of coordinates

(i.e., there exists a CS-smooth diffeo 1 such that =1 o fo1) = g)

(Later was generalized to higher dimensions in the works of de la Llave, Marco, Moriyén, Gogolev,

Kalinin, Sadovskaya,...)

What about (unmarked) length spectrum?
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Length spectral rigidity for expanding circle maps: negative result

Len={|Clr: C€C,per(C)=n} length spectrum for period n

Theorem (D.-Kaloshin’23)

Givene >0, deN,d>2ands > 1,
there exist CS-smooth non-linear expanding circle maps f,g: S* — S' of degree d such that
Qo [,,g,, = /:/fm, VneN,

o ||f —gllcs <e,

but f and g aretnot conjugate by any orientation-preserving diffeomorphism.
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Length spectral rigidity for expanding circle maps: negative result

Len={|Clr: C€C,per(C)=n} length spectrum for period n

Theorem (D.-Kaloshin’23)

Givene >0, deN,d>2ands > 1,
there exist CS-smooth non-linear expanding circle maps f,g: S* — S' of degree d such that
Qo [,,g,, = /:/fm, VneN,

o ||f —gllcs <e,

but f and g are not conjugate by any orientation-preserving diffeomorphism.

Are expanding circle maps locally rigid with respect to their length spectra?
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Length spectral rigidity for expanding circle maps: positive result

Conjecture

Let g: S' — S! be a C*-smooth, s > 1, expanding circle map of degree d > 2. Then there exists
e = e(g) such that: If f is another such map with

|f —gllc: <&, Lfn=Lgn VYneN,

then f and g are C°-conjugate.

We establish this conjecture under some additional assumption:
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Let g: S' — S! be a C*-smooth, s > 1, expanding circle map of degree d > 2. Then there exists
e = e(g) such that: If f is another such map with

|f —gllc: <&, Lfn=Lgn VYneN,

then f and g are C°-conjugate.

We establish this conjecture under some additional assumption: The length spectrum Ly is 3-sparse if

38 > 0, A > 0 such that “C|f - |C/|f‘ > Ad=P" ¥ cycles C # C' with per(C) = per(C’) = n.

[McMullen’'24] Smooth -sparse maps exist. (A similar condition was studied for hyperbolic metrics by
Dolgopyat—Jakobson)
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Length spectral rigidity for expanding circle maps: positive result

Conjecture

Let g: S' — S! be a C*-smooth, s > 1, expanding circle map of degree d > 2. Then there exists
e = e(g) such that: If f is another such map with

|f —gllc: <&, Lfn=Lgn VYneN,

then f and g are C°-conjugate.

We establish this conjecture under some additional assumption: The length spectrum Ly is 3-sparse if

38 >0,A > 0such that |[C|r —|C’[¢| = Ad™P" ¥ cycles C # C’ with per(C) = per(C') = n.

[McMullen’'24] Smooth -sparse maps exist. (A similar condition was studied for hyperbolic metrics by
Dolgopyat—Jakobson)

Theorem (D.-Kaloshin’24)

3B > 0 such that the conjecture above is true for all g with 3-sparse spectrum with 5 < [3y.
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Negative result: idea of proof
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Positive result: idea of proof
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Thank you for your attention!
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