Positivity of Kahler-Einstein currents J

Vincent Gued;j
Institut de Mathématiques de Toulouse

Complex Analysis, Geometry, and Dynamics,
Portoroz, 5 June 2023

Vincent Guedj (IMT) Positivity of Kahler-Einstein currents June 5, 2023 1/19



The Calabi-Yau theorem

The Calabi conjecture

Let (X,w) be a compact Kahler manifold of complex dimension n > 1.

Vincent Guedj (IMT) Positivity of Kahler-Einstein currents June 5, 2023 2/19



The Calabi-Yau theorem

The Calabi conjecture

Let (X,w) be a compact Kahler manifold of complex dimension n > 1.
If we write in local complex coordinates

°© W=7, 38,5z N\ dzg then

Vincent Guedj (IMT) Positivity of Kahler-Einstein currents June 5, 2023 2/19



The Calabi-Yau theorem

The Calabi conjecture

Let (X,w) be a compact Kahler manifold of complex dimension n > 1.
If we write in local complex coordinates

°© W=7, 38,5z N\ dzg then

e Ric(w) =—-1%" o I;Edgtzg"")ldza A dZg =Ricci curvature;

Vincent Guedj (IMT) Positivity of Kahler-Einstein currents June 5, 2023 2/19



The Calabi-Yau theorem

The Calabi conjecture

Let (X,w) be a compact Kahler manifold of complex dimension n > 1.
If we write in local complex coordinates

°© W=7, 38,5z N\ dzg then

e Ric(w) =—-1%" o I;idgtzg"")ldza A dZg =Ricci curvature;

@ Ric(w) =globally well defined closed (1, 1)-form representing c1(X),

Vincent Guedj (IMT) Positivity of Kahler-Einstein currents June 5, 2023

2/19



The Calabi-Yau theorem

The Calabi conjecture

Let (X,w) be a compact Kahler manifold of complex dimension n > 1.
If we write in local complex coordinates

°© W=7, 38,5z N\ dzg then

e Ric(w) =—-1%" o I;idgtzg"")ldza A dZg =Ricci curvature;

@ Ric(w) =globally well defined closed (1, 1)-form representing c1(X),
Ric(®) = Ric(w) — dd° [log &" /w"] holds globally.

Vincent Guedj (IMT) Positivity of Kahler-Einstein currents June 5, 2023 2/19



The Calabi-Yau theorem

The Calabi conjecture

Let (X,w) be a compact Kahler manifold of complex dimension n > 1.
If we write in local complex coordinates

°© W=7, 38,5z N\ dzg then
e Ric(w) =—-1%" o I;idgtzg"")ldza A dZg =Ricci curvature;
@ Ric(w) =globally well defined closed (1, 1)-form representing c1(X),
Ric(®) = Ric(w) — dd° [log &" /w"] holds globally.
Here d = 0 + 0, d° = (0 — 9)/2im so that dd° = L00.

Vincent Guedj (IMT) Positivity of Kahler-Einstein currents June 5, 2023 2/19



The Calabi-Yau theorem

The Calabi conjecture

Let (X,w) be a compact Kahler manifold of complex dimension n > 1.
If we write in local complex coordinates

°© W=7, 38,5z N\ dzg then
e Ric(w) =—-1%" o I;idgtzg"")ldza A dZg =Ricci curvature;
@ Ric(w) =globally well defined closed (1, 1)-form representing c1(X),
Ric(®) = Ric(w) — dd° [log &" /w"] holds globally.
Here d = 0 + 0, d° = (0 — 9)/2im so that dd° = L00.
e Conversely, given 7 a closed differential form representing c1(X),

Vincent Guedj (IMT) Positivity of Kahler-Einstein currents June 5, 2023 2/19



The Calabi-Yau theorem

The Calabi conjecture

Let (X,w) be a compact Kahler manifold of complex dimension n > 1.
If we write in local complex coordinates

°© W=7, 38,5z N\ dzg then
e Ric(w) =—-1%" o Igidgtzg"")ldza A dZg =Ricci curvature;
@ Ric(w) =globally well defined closed (1, 1)-form representing c1(X),
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Let (X,w) be a compact Kahler manifold of complex dimension n > 1.
If we write in local complex coordinates

°© W=7, 38,5z N\ dzg then

e Ric(w) =—-1%" o Igidgtzg"")ldza A dZg =Ricci curvature;

@ Ric(w) =globally well defined closed (1, 1)-form representing c1(X),

Ric(®) = Ric(w) — dd° [log &" /w"] holds globally.
Here d = 0 + 0, d° = (0 — 9)/2im so that dd° = L00.
e Conversely, given 7 a closed differential form representing c1(X),
e [Calabi 54]: can one find find a Kahler form w such that

Ric(w) =n 7
< The Calabi conjecture remained open for two decades [Yau 78].
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The associated complex Monge-Ampeére equation

Calabi conjecture equivalent to solving a CMAE. Fix o € HM(X,R) a
Kahler class and w a Kahler form in a. Fix n € ¢1(X).

o Then Ric(w) =n+ dd°h with h € C*(X,R) s.t. [, e"w" = [, w".
o If w, :=w+ ddp € a, then Ric(w,) = 7 iff (w + ddp)" = ew".

Theorem (Yau 78)

The complex Monge-Ampére equation (w + dd°p)" = efw"
@ admits a solution ¢ € C*°(X,R) such that w, 1= w + dd¢ is Kahler;
@ the solution is unique, up to an additive constant.

— Construction of Ricci flat K&hler metrics when ¢;(X) = 0.
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A Kahler form w is Kihler-Einstein if Ric(w) = A\w for some X € R.
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The Calabi-Yau theorem

Yau-Tian-Donaldson conjecture

Definition

A Kahler form w is Kihler-Einstein if Ric(w) = A\w for some X € R.

< By rescaling one can reduce to A € {—1,0,1}.

Theorem (Aubin-Yau 78)

The CMAE (w + dd€p)" = e?thw" admits a unique smooth solution .
In particular every X such that Kx is ample admits a unique K-E metric.

The CMAE (w 4 ddp)" = e~ ¥+ does not always admit a solution.

Theorem (Chen-Donaldson-Sun 15)

A Fano manifold X (i.e.—Kx is ample) admits a Kahler-Einstein metric if
and only if (X, —Kx) is K-stable.

— Resolution of the (K-E case) of the Y-T-D conjecture.
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A normal variety X is Q-Gorenstein if its canonical divisor Kx exists as a
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Choose a non-zero local holom. section ¢ of rKx. The volume form
.2 — . . . o
ux = 1" (o A O')l/r encodes the key information on the singularities.
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Minimal Model Program < necessary to consider mildly singular varieties.

Definition

A normal variety X is Q-Gorenstein if its canonical divisor Kx exists as a
Q-line bundle: 3r € N and a line bundle L on X s.t. L|x,, = rKx,.,-

Choose a non-zero local holom. section ¢ of rKx. The volume form
.2 — . . . o
ux = 1" (o A cr)l/r encodes the key information on the singularities.

Definition

@ The Ricci curvature of wyx is Ric(wx) := —dd€ log(wk /jx).
o A singular K-E metric on a Q-Gorenstein compact Kahler variety X is
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Singular Kahler-Einstein metrics

Singular Kahler-Einstein metrics

Minimal Model Program < necessary to consider mildly singular varieties.

Definition

A normal variety X is Q-Gorenstein if its canonical divisor Kx exists as a
Q-line bundle: 3r € N and a line bundle L on X s.t. L|x,, = rKx,.,-

Choose a non-zero local holom. section ¢ of rKx. The volume form
.2 — . . . o
ux = 1" (o A cr)l/r encodes the key information on the singularities.

Definition

@ The Ricci curvature of wyx is Ric(wx) := —dd€ log(wk /jx).
o A singular K-E metric on a Q-Gorenstein compact Kahler variety X is

e a Kahler form wx on X" such that Ric(wx) = Awx for some \ € R;
e extends as a positive closed current with bdd potentials near Xsing.
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Singular Kahler-Einstein metrics

Analytic characterization of log-terminal singularities

If m: X" — X is log resolution 3! a; € Q s.t. Kx» ~g m*Kx + > aiE;.

Definition

X has log terminal singularities if Q-Gorenstein and a; > —1 for all i.

— Definition independent of the choice of a log resolution.

Examples
@ S alg. surface has I.t. sing. iff S ~ C?/G, G C GLy(C) finite subgrp.
@ ODP x? + y?> + 2?2 + t? = 0 is a log terminal singularity, not quotient.

Lemma (Eyssidieux-G-Zeriahi 09)
Let z; be a local equation of E;, defined in a neighborhood U C X'.
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Singular Kahler-Einstein metrics

Analytic characterization of log-terminal singularities

If m: X" — X is log resolution 3! a; € Q s.t. Kx» ~g m*Kx + > aiE;.

Definition

X has log terminal singularities if Q-Gorenstein and a; > —1 for all i.

— Definition independent of the choice of a log resolution.

Examples
@ S alg. surface has I.t. sing. iff S ~ C?/G, G C GLy(C) finite subgrp.
@ ODP x? + y?> + 2?2 + t? = 0 is a log terminal singularity, not quotient.

Lemma (Eyssidieux-G-Zeriahi 09)

Let z; be a local equation of E;, defined in a neighborhood U C X'. Then
(T ux) e = 11 |zi|?2dV for some smooth volume form dV on U.
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Singular Kahler-Einstein metrics

Analytic characterization of log-terminal singularities

If m: X" — X is log resolution 3! a; € Q s.t. Kx» ~g m*Kx + > aiE;.

Definition

X has log terminal singularities if Q-Gorenstein and a; > —1 for all i.

— Definition independent of the choice of a log resolution.

Examples
@ S alg. surface has I.t. sing. iff S ~ C?/G, G C GLy(C) finite subgrp.
@ ODP x? + y?> + 2?2 + t? = 0 is a log terminal singularity, not quotient.

Lemma (Eyssidieux-G-Zeriahi 09)

Let z; be a local equation of E;, defined in a neighborhood U C X'. Then
(T ux) e = 11 |zi|?2dV for some smooth volume form dV on U. Thus

X has I.t. singularities iff ux has finite mass near Xsing.

A\
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Singular Kahler-Einstein metrics

Existence results

Theorem (Eyssidieux-G-Zeriahi 09)

Let X be a compact Kahler variety with I.t. singularities and Kx ample.
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Singular Kahler-Einstein metrics

Existence results

Theorem (Eyssidieux-G-Zeriahi 09)

Let X be a compact Kahler variety with I.t. singularities and Kx ample.
Then X admits a unique singular K-E metric with bounded potentials.

< Generalization to log-canonical sing. by [Berman-Guenancia 14].

Theorem (Eyssidieux-G-Zeriahi 09)

Let X be a compact Kahler variety with |.t. singularities and Kx ~ 0.
Each Kahler class contains a unique singular Ricci flat K-E metric.
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Singular Kahler-Einstein metrics

Existence results

Theorem (Eyssidieux-G-Zeriahi 09)

Let X be a compact Kahler variety with I.t. singularities and Kx ample.
Then X admits a unique singular K-E metric with bounded potentials.

< Generalization to log-canonical sing. by [Berman-Guenancia 14].

Theorem (Eyssidieux-G-Zeriahi 09)

Let X be a compact Kahler variety with |.t. singularities and Kx ~ 0.
Each Kahler class contains a unique singular Ricci flat K-E metric.

— Again the Fano case most difficult. Works of [Spotti-Sun-Yao 16],
[Berman-Boucksom-E-G-Z 19], [B-B-Jonsson 21], [Li-Tian-Wang 21]...

Theorem (Li 22)

A Q-Fano variety X admits a singular K-E metric iff it is (unif.) K-stable.
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Theorem (Rong-Zhang 11)

If X Q-Calabi-Yau admits a crepant resolution of sing. and o = c1(L) is a
Hodge class, then wkg is a Khler current (+ extra information).

— Crepant resolutions (a; = 0) are quite rare.

Theorem (Hein-Sun 17)

If X smoothable Q-CY, o = c1(L)=Hodge class, and isolated sing. isom.
to ODP,

Vincent Guedj (IMT) Positivity of Kahler-Einstein currents June 5, 2023 8/19



Asymptotic behavior near the singularities

What happens near X, ? Few known results

Theorem (EGZ 09 / Coman-G-Z 13 / Guenancia-G-Z 23)

The K-E potential is continuous if {w} € NSr(X) or if isolated sing.

— Expected=Holder regularity (many geometric consequences).

Theorem (Rong-Zhang 11)

If X Q-Calabi-Yau admits a crepant resolution of sing. and o = c1(L) is a
Hodge class, then wkg is a Khler current (+ extra information).

— Crepant resolutions (a; = 0) are quite rare.

Theorem (Hein-Sun 17)

If X smoothable Q-CY, o = c1(L)=Hodge class, and isolated sing. isom.
to ODP, then wkg is a Kahler current asymptotic to the Stenzel metric.

Vincent Guedj (IMT) Positivity of Kahler-Einstein currents June 5, 2023 8/19



Asymptotic behavior near the singularities

What happens near X, ? Few known results

Theorem (EGZ 09 / Coman-G-Z 13 / Guenancia-G-Z 23)

The K-E potential is continuous if {w} € NSr(X) or if isolated sing.

— Expected=Holder regularity (many geometric consequences).

Theorem (Rong-Zhang 11)

If X Q-Calabi-Yau admits a crepant resolution of sing. and o = c1(L) is a
Hodge class, then wkg is a Khler current (+ extra information).

— Crepant resolutions (a; = 0) are quite rare.

Theorem (Hein-Sun 17)

If X smoothable Q-CY, o = c1(L)=Hodge class, and isolated sing. isom.
to ODP, then wkg is a Kahler current asymptotic to the Stenzel metric.

— Good understanding of wkge under strong hyp. on sing.
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Strict positivity: local models

Problem
Question we address today: is wkg strictly positive near Xsing 7

— OK orbilfold sing. or crepant resolutions, general case open.

Example

The I.t. singularity C?/ 4 1 realized as X = {z € C3, z2 = zz1} by
(x,y) = (x%,¥%,xy). Ricci flat metric dd®|(x, y)|? is dd®|z||x > ZJ|E”C2’.
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Odp X = {z € C"1, 3" 22 = 0} not a quotient singularity if n > 3.
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Problem

Question we address today: is wkg strictly positive near Xsing 7

— OK orbilfold sing. or crepant resolutions, general case open.

The I.t. singularity C?/ 4 1 realized as X = {z € C3, z2 = zz1} by

Weuc|

x,y¥) — (x2,y%,xy). Ricci flat metric dd€|(x, y)|? is dd€|z| x > Leud
| 4)z]

v

Example

Odp X = {z € C"1, 3" 22 = 0} not a quotient singularity if n > 3.
j=0%j

d@=0) - E -
The Stenzel metric metric wx = dd°|z| " is Ricci flat
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Problem
Question we address today: is wkg strictly positive near Xsing 7

— OK orbilfold sing. or crepant resolutions, general case open.

Example

The I.t. smgular/ty C?/ + 1 realized as X = {z € C3, z2 = zz1} by
(x,y) — (x2,y?,xy). Ricci flat metric dd€|(x, y)|? is dd€|z||x > ZJ|EZ”|C2’.
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Example

Odp X = {zeC1 3" =0 not a quotient singularity if n > 3.
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-1)
The Stenzel metric metric wyx = ddC|z|| x" is Ricci flat > c, |°J‘e2“;’n.
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— OK orbilfold sing. or crepant resolutions, general case open.
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Asymptotic behavior near the singularities

Strict positivity: local models

Problem

Question we address today: is wkg strictly positive near Xsing 7

— OK orbilfold sing. or crepant resolutions, general case open.

The I.t. singularity C?/ 4 1 realized as X = {z € C3, z2 = zz1} by

Weuc|

(x,y) — (x2,y?,xy). Ricci flat metric dd€|(x,y)|? is dd€|z||x > R

v

Example

Odp X = {z € C"1, 377 ;22 = 0} not a quotient singularity if n > 3.

The Stenzel metric metric wyx = dd€|z|," s Ricci flat > ¢, |°ZJ‘E2“;’".

— Previous ex. if n =2 / Holder reg. / Lower not upper bdd wy.
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(X,w) admits a Q-Gorenstein CY smoothing if there exists a normal cplx
Kahler space (X,Q) and a proper holomorphic map m : X — A such that

e the relative canonical bundle Ky is trivial;
o 77 1(0) ~ X and for t # 0, X; is smooth;

o wy = Qx, is Kahler and wo = w.

Consider X = {[z] € P"*1, P(z) = 0}, where P homog. polyn. degree
n+ 2.
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Calabi-Yau smoothings

(X,w) admits a Q-Gorenstein CY smoothing if there exists a normal cplx
Kahler space (X,Q) and a proper holomorphic map m : X — A such that

e the relative canonical bundle Ky is trivial;
o 77 1(0) ~ X and for t # 0, X; is smooth;

o wy = Qx, is Kahler and wo = w.

Consider X = {[z] € P"*1, P(z) = 0}, where P homog. polyn. degree
n—+2. If Q generic homog. polyn. degree n+ 2, thenmw : X — A,

7 1(t) = X; = {[z] € P"L, P(z) = tQ(2)}
is a global CY smoothing of X ~ Xy with Q = wrs.
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Asymptotic behavior near the singularities

Calabi-Yau smoothings

(X,w) admits a Q-Gorenstein CY smoothing if there exists a normal cplx
Kahler space (X,Q) and a proper holomorphic map m : X — A such that

e the relative canonical bundle Ky is trivial;
o 77 1(0) ~ X and for t # 0, X; is smooth;

o wy = Qx, is Kahler and wo = w.

Consider X = {[z] € P"*1, P(z) = 0}, where P homog. polyn. degree
n—+2. If Q generic homog. polyn. degree n+ 2, thenmw : X — A,

7 1(t) = X; = {[z] € P"L, P(z) = tQ(2)}
is a global CY smoothing of X ~ Xy with Q = wrs.

— Warning: no global smoothing in general; possibly a local one.
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Main results

Theorem (G-Guenancia-Zeriahi 23)

If a K-E variety X is globally smoothable, then wkg is a Kahler current.
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If a K-E variety X is globally smoothable, then wkg is a Kahler current.
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Asymptotic behavior near the singularities

Main results

Theorem (G-Guenancia-Zeriahi 23)

If a K-E variety X is globally smoothable, then wkg is a Kahler current.

— Warning: wkg not a Kahler form on X (unless X smooth).

Theorem (G-Guenancia-Zeriahi 23)

If isolated smoothable sing. and Ric(wkg) < 0, then wke Kahler current.

— NB: also valid (and useful !) for pairs.

Theorem (G-Guenancia-Zeriahi 23)

If dimc X < 3 and Ric(wke) < 0, then wke is a Kahler current.

— Log terminal singularities are isolated in dimension 3.

Vincent Guedj (IMT) Positivity of Kahler-Einstein currents June 5, 2023 11/19



Sketch of proof in the smoothable Calabi-Yau case

Recipes

Proofs rely on Chern-Lu inequality and the following observations:
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© Global smoothing OK if L>-uniform a priori estimates in families.
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Sketch of proof in the smoothable Calabi-Yau case

Recipes

Proofs rely on Chern-Lu inequality and the following observations:
@ Strict positivity is insensitive to finite quotients.
@ Strict positivity can be reached under partial crepant resolutions.
© Global smoothing OK if L>-uniform a priori estimates in families.

@ Local smoothing OK if L*-uniform a priori estimates in families,
together with C?-uniform estimates at the boundary.

— 3-dimensional setting uses a combination of these 4 ingredients !
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Sketch of proof in the smoothable Calabi-Yau case

Families of Monge-Ampere equations

Assume (X,w) admits a Q-Gorenstein CY smoothing.

Vincent Guedj (IMT) Positivity of Kahler-Einstein currents June 5, 2023 13/19



Sketch of proof in the smoothable Calabi-Yau case

Families of Monge-Ampere equations

Assume (X,w) admits a Q-Gorenstein CY smoothing.

o Can assume wlog that Ky, is a Cartier divisor.

Vincent Guedj (IMT) Positivity of Kahler-Einstein currents June 5, 2023 13/19



Sketch of proof in the smoothable Calabi-Yau case
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Assume (X,w) admits a Q-Gorenstein CY smoothing.
o Can assume wlog that Ky, is a Cartier divisor.

e Fix a a holomorphic (n, 0)-form nowhere vanishing on X" and set

.n2 —
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Families of Monge-Ampere equations

Assume (X,w) admits a Q-Gorenstein CY smoothing.
o Can assume wlog that Ky, is a Cartier divisor.
e Fix a a holomorphic (n, 0)-form nowhere vanishing on X" and set
.n2 —
pe = (iI"a AN Q)|x,-
® WKE,+ = Wt + dd“p=unique Ricci flat metric solving, for t # 0,

n J—
WKE + = Mt
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Families of Monge-Ampere equations

Assume (X,w) admits a Q-Gorenstein CY smoothing.
o Can assume wlog that Ky, is a Cartier divisor.
e Fix a a holomorphic (n, 0)-form nowhere vanishing on X" and set
pe = (" a A a)|x,-
® WKE,+ = Wt + dd“p=unique Ricci flat metric solving, for t # 0,
WKE,: = Ht-
The plan is to show that

o w; < Cwie ¢ for some uniform constant C > 0 and t # 0;
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Sketch of proof in the smoothable Calabi-Yau case

Families of Monge-Ampere equations

Assume (X,w) admits a Q-Gorenstein CY smoothing.
o Can assume wlog that Ky, is a Cartier divisor.

e Fix a a holomorphic (n, 0)-form nowhere vanishing on X" and set
pe = (" a A a)|x,-
® WKE,+ = Wt + dd“p=unique Ricci flat metric solving, for t # 0,
wln<E,t = Ht-
The plan is to show that
o w; < Cwie ¢ for some uniform constant C > 0 and t # 0;

® wket — wke as t — 0, hence wxg > CLlwy is positive.

Vincent Guedj (IMT) Positivity of Kahler-Einstein currents June 5, 2023 13/19



Sketch of proof in the smoothable Calabi-Yau case

Tool 1: uniform estimate on KE potentials

Theorem (DiNezza-G-Guenancia 20)

Consider, for t # 0, ¢ € C*°(X;) the unique solution to

(wt +ddp)" = pe  with  supy, ¢ = 0.
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Sketch of proof in the smoothable Calabi-Yau case

Tool 1: uniform estimate on KE potentials

Theorem (DiNezza-G-Guenancia 20)

Consider, for t # 0, ¢ € C*°(X;) the unique solution to

(wt +ddp)" = pe  with  supy, ¢ = 0.

There exists Co > 0 independent of t such that ||¢¢|[1(x,) < Co-

The proof relies on Kolodziej's technique together with

o u: = frw! with th fPwl < C; for uniform constants p > 1,C; > 0;
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Consider, for t # 0, ¢ € C*°(X;) the unique solution to

(wt +ddp)" = pe  with  supy, ¢ = 0.
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Sketch of proof in the smoothable Calabi-Yau case

Tool 1: uniform estimate on KE potentials

Theorem (DiNezza-G-Guenancia 20)

Consider, for t # 0, ¢ € C*°(X;) the unique solution to

(wt +ddp)" = pe  with  supy, ¢ = 0.

There exists Co > 0 independent of t such that ||¢¢|[1(x,) < Co-

The proof relies on Kolodziej's technique together with
e yp = fwl with th fPwl < C; for uniform constants p > 1,C; > 0;
° th e~ Wt < G, for a > 0,Cy > 0 indep. of 1y € PSHo(Xe,wt).
[ = L OK if X, degree d subvariety of P/]
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Tool 2: Chern-Lu inequality

@ Holomorphic bisec. curv. ~ Kahler analogue of sectional curvature.
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Tool 2: Chern-Lu inequality

@ Holomorphic bisec. curv. ~ Kahler analogue of sectional curvature.

@ Bisec(w) decreases by restriction to holom. subvar.

Lemma (Chern 68, Lu 68)

If Ric(6) > A0 and Bisec(w) < B then

Aglog Trg(w) > A — 2BTrp(w).
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If Ric(6) > A0 and Bisec(w) < B then

Aglog Trg(w) > A — 2BTrp(w).

— 1
@ Here Agh = n% and Try(w) := 20—
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@ Bisec(w) decreases by restriction to holom. subvar.

Lemma (Chern 68, Lu 68)

If Ric(6) > A0 and Bisec(w) < B then

Aglog Trg(w) > A — 2BTrp(w).

— 1
@ Here Agh = n% and Try(w) := 20—

e Will apply this formula with w = w; and 0 = wke+ = w; + ddps.
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Tool 2: Chern-Lu inequality

@ Holomorphic bisec. curv. ~ Kahler analogue of sectional curvature.

@ Bisec(w) decreases by restriction to holom. subvar.

Lemma (Chern 68, Lu 68)

If Ric(6) > A0 and Bisec(w) < B then

Aglog Trg(w) > A — 2BTrp(w).

o Here Agh = n% and Try(w) := n“’/\g: =
e Will apply this formula with w = w; and 0 = wke+ = w; + ddps.
@ Observe that w; < Cwie,r <= Try,,  (we) < C.
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Sketch of proof in the smoothable Calabi-Yau case
2 .
The C*-estimate

o Adding Add€|t|? we can assume that Q is a Kahler form on X'
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2 .
The C*-estimate

o Adding Add€|t|?> we can assume that Q is a Kihler form on X'.
o Using local embeddings & < CN, can assume Bisec(Q2) < B on X.
@ Therefore Bisec(w:) < B on X;.
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The C*-estimate

o Adding Add€|t|?> we can assume that Q is a Kihler form on X'.
o Using local embeddings & < CN, can assume Bisec(Q2) < B on X.

@ Therefore Bisec(w:) < B on X;. Thus Chern-Lu formula ensures

Dy log Troye (wi) > —2BTry,, (wr), hence
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Sketch of proof in the smoothable Calabi-Yau case
2 .
The C*-estimate

o Adding Add€|t|?> we can assume that Q is a Kihler form on X'.
o Using local embeddings & < CN, can assume Bisec(Q2) < B on X.

@ Therefore Bisec(w:) < B on X;. Thus Chern-Lu formula ensures

Dy log Troye (wi) > —2BTry,, (wr), hence

AwKE,t (Iog TerE,t(wt) - (1 + 2B)(pt) = TrWKE,t(wt) - n(l + 2B)~
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Sketch of proof in the smoothable Calabi-Yau case
2 .
The C*-estimate

Adding Add€|t|?> we can assume that Q is a Kahler form on X'
Using local embeddings X < CV, can assume Bisec(Q) < B on X.

Therefore Bisec(w;) < B on X;. Thus Chern-Lu formula ensures

Dy log Troye (wi) > —2BTry,, (wr), hence

AwKE,t (Iog TerE,t(wt) - (1 + 2B)(pt) = TrWKE,t(wt) - n(l + 2B)~

Max pple : log Try,, (wr) < log n(1+2B)+ (1+2B)Oscx,(¢¢) < C.
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Sketch of proof in the smoothable Calabi-Yau case
2 .
The C*-estimate

o Adding Add€|t|?> we can assume that Q is a Kihler form on X'.
o Using local embeddings & < CN, can assume Bisec(Q2) < B on X.

@ Therefore Bisec(w:) < B on X;. Thus Chern-Lu formula ensures

Apye . log TerE’t(wt) > _2BTerE,t(wt)7 hence

A (log Troye , (we) — (1+ 2B)p¢) > Truye , (we) — n(1 4 2B).

@ Max pple : log Try,, ,(w:) < logn(1+2B)+ (1+2B)Oscx,(p:) < C.

o Since (wke.¢)"/wl is uniformly bounded away from XS, we obtain
locally unif. higher order estimates in X8 and pass to the lim on Xj.
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Global smoothing, non zero curvature

Consider, for t # 0, A # 0, ¢ € C*°(X;) canonical solution to
(we + ddpp)" = e g
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Consider, for t # 0, A # 0, ¢ € C*°(X;) canonical solution to
(we + ddpp)" = e g

Theorem (DiNezza-G-Guenancia 20 / A = —1)

There exists Co > 0 independent of t such that ||¢¢|[1(x,) < Co-

Vincent Guedj (IMT)

Positivity of Kihler-Einstein currents June 5, 2023 17 /19



Global smoothing, non zero curvature

Consider, for t # 0, A # 0, ¢ € C*°(X;) canonical solution to
(we + ddpp)" = e g

Theorem (DiNezza-G-Guenancia 20 / A = —1)

There exists Co > 0 independent of t such that ||¢¢|[1(x,) < Co-

< C?-estimate OK, Chern-Lu formula applies again.
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Global smoothing, non zero curvature

Consider, for t # 0, A # 0, ¢ € C*°(X;) canonical solution to
(we + ddpp)" = e g

Theorem (DiNezza-G-Guenancia 20 / A = —1)
There exists Co > 0 independent of t such that ||¢¢|[1(x,) < Co-

< C?-estimate OK, Chern-Lu formula applies again.

Theorem (Spotti-Sun-Yao 16 / A = 1)
Assume Xy admits a unique Kahler-Einstein metric. For t small there
exists Co > 0 indep. of t such that ||¢¢|[1(x,) < Co.
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Global smoothing, non zero curvature

Consider, for t # 0, A # 0, ¢ € C*°(X;) canonical solution to
(we + ddpp)" = e g

Theorem (DiNezza-G-Guenancia 20 / A = —1)
There exists Co > 0 independent of t such that ||¢¢|[1(x,) < Co-

< C?-estimate OK, Chern-Lu formula applies again.

Theorem (Spotti-Sun-Yao 16 / A = 1)
Assume Xy admits a unique Kahler-Einstein metric. For t small there
exists Co > 0 indep. of t such that ||¢¢|[1(x,) < Co.

— Quite a difficult estimate ! Extension to pairs by [Pan-Trusiani 23].
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Isolated singularities and dim¢ X = 3

@ For isolated singularities can localize and solve a Dirichlet problem.
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@ Requires to adapt classical theories to this singular context.
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@ Requires to adapt classical theories to this singular context.
@ First basic steps in [G-Guenancia-Zeriahi 20] and [Datar-Fu-Song 21].
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In [GGZ23] we provide uniform estimates in families when A < 0.
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For isolated singularities can localize and solve a Dirichlet problem.
Requires to adapt classical theories to this singular context.
First basic steps in [G-Guenancia-Zeriahi 20] and [Datar-Fu-Song 21].

In [GGZ23] we provide uniform estimates in families when A < 0.

Similar strategy for positivity, needs C?-control at boundary [CKNS85]
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First basic steps in [G-Guenancia-Zeriahi 20] and [Datar-Fu-Song 21].

In [GGZ23] we provide uniform estimates in families when A < 0.

Similar strategy for positivity, needs C?-control at boundary [CKNS85]

In dim 3 can reduce to can. sing. by quasi-étale index one cover.
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In [GGZ23] we provide uniform estimates in families when A < 0.

Similar strategy for positivity, needs C?-control at boundary [CKNS85]

In dim 3 can reduce to can. sing. by quasi-étale index one cover.

Passing to the terminalization, one reduces to terminal singularities.
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For isolated singularities can localize and solve a Dirichlet problem.
Requires to adapt classical theories to this singular context.
First basic steps in [G-Guenancia-Zeriahi 20] and [Datar-Fu-Song 21].

In [GGZ23] we provide uniform estimates in families when A < 0.

Similar strategy for positivity, needs C?-control at boundary [CKNS85]

@ In dim 3 can reduce to can. sing. by quasi-étale index one cover.
@ Passing to the terminalization, one reduces to terminal singularities.

@ Reid’s classif. of 3-dim terminal singularities = locally smoothable.
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Isolated singularities and dim¢ X = 3

For isolated singularities can localize and solve a Dirichlet problem.
Requires to adapt classical theories to this singular context.
First basic steps in [G-Guenancia-Zeriahi 20] and [Datar-Fu-Song 21].

In [GGZ23] we provide uniform estimates in families when A < 0.

Similar strategy for positivity, needs C?-control at boundary [CKNS85]

In dim 3 can reduce to can. sing. by quasi-étale index one cover.
Passing to the terminalization, one reduces to terminal singularities.

Reid’s classif. of 3-dim terminal singularities = locally smoothable.

Use of pairs necessary in negative curvature (more involved than CY).
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