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Analytic real surface M C C?

v zzi+Z +Z +hot, 0<y<oo
M: z=
2z;+ h.o.t., v =0.

CR-singularity at 0O, isolated if v # %:
z=0: ToM={z =0}
z#0: T,MNiT,M= {0} (totally real).

Problem: Classification of (M, Q) by biholomorphic transformations

z(2), z—(z), ¢ € Diff(C?0).
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Real surface in C?

M: zy=H(z,2) = v 2z + 212 —|—?12 +h.ot., zeC2
Complexification ~» Complex surface in C*

M z=H(z,w), wa=H(wm,z), (z,w)eC
Anti-holomorphic involution p: (z, w) — (W, Z),

prM— M, M = M N Fix(p).

Transformations: (z,w) = (¢(2),¥(w)), Y € Diff(C?,0).
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2-sheeted branched coverings, if v # 0.

m:(z,w)—z
i (z,w) > w
~~ Involutions 7, 7, € Diff(M,0), s.t. mjo 7 = m;.
% =13% =id,

POTIOpP =Ty

~» Dynamics on M:

¢p=momn

Coordinates (z, wi) on (M, 0):

1,72 € Diff(C%,0).
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Theorem [Moser-Webster]

Isomorphism:

Triples (71, 72, p) Surfaces (M, 0)
{ with A, A~ f o with f
DIff(C2,0) DIff(C2,0)

MY multipliers of g =m0, A+ AT =772 2.
{ p N

Under this correspondence:

¢ has first integral M is holomorphically flat
of Morse type +— M C Levi flat hypersurface
H=Ho¢ {Imz, =0}

M={z =2, =H(z,z21)} = H(z, w) is Morse first integral.
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Classification

) A £ ie. v ¢0,2] :

[Moser-Webster '83] Analytic equivalence to normal form

o(3) = 01
Tint = Gy © 0, Tznf—acbnf, pt =0€, o= (7,

¢ B /\eZE (5152)5 O 5 B 0, s = 00,
M0 ale e )Y T o>

&&; first integral.

M : 2= (Ve 02 A2 2 ) 22 4 2 4 22,
holomorphically flat.

~ higher degeneracy/dimension [Gong-S. "16,"19]
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Classification

) |\ =1, A ¢ e “non-exceptional” case

[Moser-Webster '83] Formal equivalence to normal form

o(1) o(1) = 01
Tinf = Qpi’ OO0,  Tomf =0y, pup =&, 0= (1 0)’

b e (6&) 0 ¢ B 0, s=o0,
e 0 A le 2 @&) |5 = +i, s>1,

Small divisors: KAM-type results (invariant curves), or topological
obstructions to convergence.

[Gong "94,96,04], [S.-Zhao "22]
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) v =0, i.e. Elliptic-degenerate
Complete classification [Huang-Yin "09]

V) A =1ie v ' =2:
for non-isolated singularities [Ahern-Gong "09]

V) Exceptional case \° =1, p > 2 :
under assumption of Morse 1st integral [Klimes-5. 22]
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Theorem [Klimes$-S.]

(11,72, p), (7,75, p") with Morse first integral, \P =1, p > 2,
are conjugated by Diffi4(C?,0) if and only if (11, 72), (1{,73) are.

Embedding of the moduli space

hol. flat M (1, 72) with
with — AP =1 p>2,
exceptional ~y / & Morse Ist integral /
Diffiq(C2,0) Diffiq(C2,0)

Image described by some explicit antiholomorphic symmetry.
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Reversible maps «~+ pairs of involutions
¢ reversible if 3 involutionT: TogoT = ¢
<= 3 pair of involutions (1, 72): ¢ =mom
Ty \=T 0 .
Assumptions:
> ¢(() =A+hot., A= <g A‘L), =1 p>1,

parabolic diffeomorphism of (C?,0), reversed by T

» 7(§) =0 +hot, o= (? (1)) . involution: T°% = id,

> H(&) = && + hoo.t. Morse first integral: H= H o ¢.

Key fact: ¢°P(¢) = £ + h.o.t.

has a unique formal infinitesimal generator X:

o =exp(X), T X=-X, XH=0.
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Theorem: Formal classification [Klime$-S.]

(¢, 7, H) is formally conjugated by Sif\ﬂd((cz, 0) to

ggnf:/\exp(%),\( ) Tnf = 0 = (01)7 h:§1527
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Theorem: Formal classification [Klime$-S.]
(¢, 7, H) is formally conjugated by Sif\ﬂd((cz, 0) to
égnf:/\eXP(:;)A( ) Tnt = 0 = (?(1))7 h:€1‘£27
(o) O,

(€)= 4 @ ch* (&g — &), 521,
ch*P(u, h) .
® 1+ CP(U7 h) [Z(h) (&8_51 52352)7

s>0

9

-h=§&&, u=¢& +¢& are basic (o, \)-invariants,
- P(u, h) = Uk + P_y(h)u*=" + ... + Po(h) analytic, P(u,0) = uk,

- fi(h) formal,
This normal form is unique up to action & — a&, a € C*.
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Convergence?

(©) dnr(§) =N, Tue(§) = o€

The conjugacy is always convergent: Gug = (Put, Tut) is finite &
linear.

A ou(©) = (7 00 )& ) = ot

0 AleTp
In general, the conjugacy is divergent for topological reasons:

if £h* € imQ = whole leaf {h = const} is periodic.

2 ch*P(u,h
(b) dne(§) = Aexp (pH—cP(T)(& %6 52@%))(5).
Tur(§) = o¢.
In general, the conjugacy is divergent for analytic reasons:

realizable “sectorially”.
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Parabolic diffeomorphisms of (C,0)

#(z) = Az + h.ot. € Diff(C,0), N =1, p>1,
formally conjugated by Eﬁid(C, 0) to

czkp 9

k>1.

(rbnf(z) - )\eXP(%an)a an - zaa

T4cpzkp

Theorem [Birkhoff 39, Kimura '71]

¢ conjugated to ¢, by a cochain of bounded analytic

transformations on a covering by 2kp petals {Q/}iGZZk ,
b

Vg (z) =z+hot., Wag © ¢ = dus 0 Vg,

]
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The petals §; are spanned by real-time trajectories of € X,
6 €10+, m—].

Transition maps ¢; = Vg

. O \IIg(j_” on intersections Q;_1 N €.

Theorem [Birkhoff ‘39, Ecalle 75, Voronin '81] Two formally
tangent-to-identity equivalent germs ¢, ¢, are analytically
tangent-to-identity equivalent if and only if their cocycles {1/1,}

{w; }/elzkp agree.

j€Zoxp”



The formal case (b)

Reversible diffeo (¢, 7) of (C?,0) with Morse first integral H(&)
Formal normal form:
(gnf = AeXP (%)A(nf),

~ hSCP(U,h)

_ WePwh) o,y
Ko = +c(h)P(u;h) (635 — &ag).



The formal case (b)

Reversible diffeo (¢, 7) of (C?,0) with Morse first integral H(&)

Formal normal form: Holomorphic model:
(gnf = AeXP (%)A(nf)’ ¢mod = /\eXP (%Xmod)u
S h*c P(u,h)

Xog = W(&% —&55), Xmod = h*cP(u, h) (&g — &55)-
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Theorem: “Sectorial” classification [Klimes-S.]

(¢, 7, H) with model (¢uoa, 0, h).

3 covering of {|h| < §} by at most
countably many cuspidal sectors S.

On each S is:

covering by 2kp “outer domains” and

” NN
2kp “inner domains {Qs}j€Z4kp’

cochain of bounded analytic
transformations Vo, = id +h.o.t.
)

v

\U/\Qg 00 = PmoaoVqi, Vg

s
S

The normalizing cochain is unique up to

composition with a flow cochain
{exp(CQ,-s(h)Xmod) }/eZ4kp'

a

joT = ooV _;
S QS
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Qg spanned by the real-time trajectories of €?X,,q4, 0 €]0+, 7.

inner
intersections

gate
intersections

outer
intersections

L. | . .
Transition maps vs; = Wn o lU;(, ) on outer intersections.
S

Jj+
Q5

Outer cocycle on S = equivalence class of {wsl}jezz modulo
B kp

conjugation by flow cochains {exp(C,, (h)h~* mOd)}jeZZk
s »

¢S,/ ~ eXp(Cng(h)h_sXmod) [e) @/}5,/ (@) eXp(—CQ/S(h)h_s mod)



Theorem: Analytic classification [Klimes-S.]

The following is equivalent:
1. Two germs (¢, 7), (¢, ') in the same model class are
analytically tangent-to-identity equivalent.
2. For every cuspidal sector S the associated outer cocycles
/
{%,/},Ezm' {,lvbs,/ﬂrr},'ezqkp asree.
3. For one cuspidal sector S the associated outer cocycles

{1} i (V5140 }jez, aBTEC:



