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General information

The Maribor Graph Theory Conference takes place at the Faculty of
Natural Sciences and Mathematics, University of Maribor, Slovenia.

Program and Organizing Committee:
Boštjan Brešar
Tanja Dravec
Marko Jakovac
Andrej Taranenko

Local Organizing Committee:
Simon Brezovnik
Jaša Dimič
Pakanun Dokyeesun
Jaka Hedžet
Daša Štesl

Participants and speakers:
80 participants, 11 invited and 50 contributed talks

iii



Organized by:
University of Maribor, Faculty of Natural Sciences and Mathematics

Co-organized by:
Institute of Mathematics, Physics and Mechanics, Ljubljana

NM Klub, Naravoslovno matematično združenje Slovenije
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Sandi Klavžar is 60

Sandi Klavžar holds a position as a professor of mathematics at the
University of Ljubljana and (also still) the University of Maribor. He
is a prolific researcher with over three hundred published papers and
half a dozen books on various areas of graph theory. He is one of the
leading experts in graph products, metric and chemical graph theory,
domination game and the Tower of Hanoi puzzle. His extensive editorial
work includes associate editorship of Discrete Applied Mathematics
and Ars Mathematica Contemporanea. He was the advisor for 20 PhD
students, which together with their academic descendants currently
form a mathematical family of 34 researchers. Many of them now hold
professor or assistant positions at Slovenian universities.

We are indebted to Sandi for his impact on the development of graph
theory in Maribor and Slovenia.
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Pointwise vs. setwise stabilizers

László Babai (laci@cs.uchicago.edu)
University of Chicago

Given a (finite or infinite) permutation group G acting on a set Ω,
let ρ(G) denote the size of the smallest subset ∆ of Ω such that the
setwise stabilizer G∆ is trivial, if such a subset ∆ exists. A related
classical concept is that of a base of G, i. e., a subset Φ of Ω such that
the pointwise stabilizer G(Φ) is trivial. Let b(G) denote the minimum
base size. Let us henceforth assume ρ(G) exists and b(G) is finite.
Then, obviously, b(G) ≤ ρ(G). We consider the question, implicit in
a 2014 paper by Boutin and Imrich (El. J. Comb.), whether ρ(G) is
bounded from above by some function of b(G) (regardless of the size of
Ω). Boutin and Imrich gave a positive answer in the case that G is the
automorphism group of a connected locally finite infinite graph and G
is infinite.

Without such underlying structure, little seems to be known. Clearly,
if b(G) = 1 then ρ(G) = 1. We give a positive answer in the case
b(G) = 2. Our proof is surprisingly nontrivial; it is based on the the
study of sharply arc-transitive group actions on cliques, balanced com-
plete bipartite graphs, and cocktail party graphs. (A cocktail party
graph is the complement of a perfect matching. We say that the group
G acts sharply arc-transitively on the graph X if G ≤ Aut(X) and for
every pair ((u, v), (x, y)) of pairs of adjacent vertices, there is a unique
permutation σ ∈ G such that σ(u) = x and σ(v) = y.) We use group
theory, including results on Frobenius groups, in the finite case. The
case of finite cocktail party graphs was settled by Tosiro Tsuzuku in
1968 (Nagoya Math. J.). We give a separate, combinatorial proof that
assumes |Ω| ≥ 2, 400 ; this proof also works when Ω is infinite.

Keywords: permutation group; asymmetric coloring; sharply
arc-transitive action
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Gallai’s path-decomposition conjecture
Marthe Bonamy (marthe.bonamy@u-bordeaux.fr)

CNRS, LaBRI, Université de Bordeaux, France

Given a connected graph, how many disjoint paths do we need to cover
all the edges? Gallai conjectured in 1968 that half the number of ver-
tices (rounded up) is enough, which would be tight if true. We discuss
recent progress and the obstacles to future works.

Keywords: graph decomposition; paths; Gallai’s conjecture
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Searching posets: from dichotomy to the golden
ratio

Paul Dorbec (paul.dorbec@unicaen.fr)
Normandie University, UNICAEN, ENSICAEN, CNRS, GREYC

Searching a sorted array is a very classical textbook problem. In some
special circumstances, such as searching a regression in a version control
system, it is necessary to search in a partially ordered set. The problem
can then be seen as trying to identify a faulty vertex in a directed acyclic
graph where each step consists in querying a vertex and asking whether
the searched vertex is an ancestor of the current vertex. Though the
problem is known to be NP-complete in general, we put more focus
on the more interesting setting when the indegree of each vertex is
bounded, and in particular when it is bounded by two. We show that
with the degree 2 restrictions, all directed acyclic graphs on n vertices
can be searched in no more than logϕ(n) + 1 queries, where ϕ stands
for the golden ratio. On the other hand, we also show that there exists
directed trees which require at least ⌈logϕ(n)⌉− 2 queries. Expectedly,
the later proof expectedly involves Fibonnaci related trees. We will also
discuss how the NP-completeness proof of the problem can be extended
to this setting.

Joint work with Julien Courtiel and Romain Lecoq.

Keywords: regression search; posets; directed acyclic graphs; Fibonnaci
sequence
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Transversals in 6-uniform hypergraphs: A proof of
the Tuza-Vestergaard Conjecture
Michael A. Henning (mahenning@uj.ac.za)

University of Johannesburg, South Africa

The transversal number τ(H) of a hypergraph H is the minimum num-
ber of vertices that intersect every edge of H. A 6-uniform hypergraph
has all edges of size 6. In 2000 Tuza and Vestergaard conjectured that
if H is a 3-regular 6-uniform hypergraph of order n, then τ(H) ≤ 1

4n.
We present a proof of this conjecture, which has become known as the
Tuza-Vestergaard Conjecture. As an application, we present lower and
upper bounds on the Tuza constant c6 which is defined by

c6 = sup
τ(H)

n(H) +m(H)
,

where the supremum is taken over the class of all 6-uniform hypergraphs
H. To determine the exact value of c6 remains an open problem now for
over 30 years. We show that 1

6 ≤ c6 ≤ 1
6 + 1

110 , where the conjectured
value is c6 = 1

6 . Using an interplay with transversals in hypergraphs
and total domination in graphs, we show that if G is a graph of order n
with δ(G) ≥ 6, then γt(G) ≤ 4549

13299n <
(

4
13 + 17

494

)
n, where γt(G) de-

notes the total domination number of G and γt(G) ≤ 4
13n is conjectured

to be the correct bound.
Joint work with Christian Löwenstein and Anders Yeo.

Keywords: transversals in hypergraphs; Tuza-Vestergaard conjecture;
total domination
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The imperial ruler
Andreas M. Hinz (hinz@math.lmu.de)

Ludwig-Maximilians-Universität München, Germany

The title of this talk can be interpreted in various ways. We will discuss
these interpretations in connection with the life and work of Sandi
Klavžar.

Keywords: distance in graphs; Sierpiński graph; Sierpiński triangle
graph
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Never trust a partial cube: an ode to the Desargues
graph

Kolja Knauer (kolja.knauer@ub.edu)
Universitat de Barcelona

A graph is a partial cube if it is an isometric subgraph of a hypercube
graph. Despite this seemingly restrictive definition, many important
graphs, e.g., diagrams of distributive lattices, median graphs, linear
extension graphs, Cayley graphs of Coxeter groups, dual graphs of hy-
perplane arrangements, fall into this class. As the title suggests, when
studying partial cubes one might come up with false intuition suggested
by their nice structure. A common bad guy is the 20-vertex Desargues
graph. We will use this partial cube as a guide through several open
problems and results in the area on topics such as planarity, Cayley
graphs, and tope graphs of oriented matroids.

Keywords: partial cubes; planarity; Cayley graphs; tope graphs
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Q-ary generalizations of set intersection and
extremal graph theoretic problems

Balázs Patkós (patkos@renyi.hu)
Alfréd Rényi Institute of Mathematics

Characteristic vectors of subsets of an n-element ground set give a nat-
ural 1-to-1 correspondence between set systems and 0-1 vector systems.
As the size of the intersection of two sets equals the scalar product of
their characteristic vectors, this correspondence is often used in proofs
of intersection theorems of finite sets. There exist several definitions
of intersection for vectors of length n with entries from {0, 1, ..., q}. In
this talk, we will propose a new one: the size of the s-sum intersection
of two such vectors u, v is the number of coordinates where the entries
have sum at least s, i.e. |{i : ui + vi ≥ s}|. We address analogs of the
following classical results in this setting: the Erdős–Ko–Rado theorem
and the theorem of Bollobás on intersecting set pairs. We will also
define an s-sum analog of graph Turán problems and survey results
concerning them.

Joint work with Zsolt Tuza and Máté Vizer.

Keywords: intersection theorems; graph Turán problems; extremal
combinatorics

9



Maribor Graph Theory Conference, September 2022

On well-dominated product graphs
Douglas Rall (doug.rall@furman.edu)

Furman University

A graph X is called well-dominated if all of its minimal dominating
sets have the same cardinality, namely γ(X), the domination number
of X. Several classes of well-dominated graphs have been character-
ized including bipartite graphs, chordal graphs, block graphs, unicyclic
graphs, and graphs with girth at least 5.

In 2017 Gözüpek, Hujdurović, and Milanič gave a characterization
of the well-dominated graphs that are nontrivial lexicographic prod-
ucts. In this talk I will present recent results concerning the class of
well-dominated graphs that are nontrivial Cartesian, direct or strong
products.

Joint work with Sarah Anderson and Kirsti Kuenzel.

Keywords: product graph; well-dominated; isolatable vertex
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Distinguishing graph vertices by coloring the edges
- palettes, automorphisms, local irregularity

Mariusz Woźniak (mwozniak@agh.edu.pl)
Department of Discrete Mathematics, AGH University, Cracow, Poland

Let G = (V,E) be a graph of order n. The function f : E(G) 7−→
{1, 2, . . . , k} is called an edge coloring. Any such coloring assigns to
the vertices of a graph palette of colors, i.e. the multiset of colors on
incidental edges. Palettes are used to distinguish the vertices of the
graph in one way or another.

A completely different approach to coloring distinguishing all ver-
tices refers to the concept of automorphism of a graph. This approach
is not related to local properties. It’s about colorings that break down
all non-trivial automorphisms.

Yet another approach is based on the concept of a locally irregular
graph. A locally irregular graph is a graph in which every two adjacent
vertices have distinct degrees. By a locally irregular decomposition of
a graph, we thus mean a decomposition into locally irregular graphs.

The aim of the talk is discussion about the relationship between
these different approaches to the problem of distinguishing vertices of
a graph.

Keywords: edge coloring; automorphisms breaking a coloring; locally
irregular graphs
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Metric dimension in graphs: from distance vectors
to distance multisets

Ismael G. Yero (ismael.gonzalez@uca.es)
Universidad de Cádiz, EPS Algeciras, Spain

Given a simple and connected graph G, the metric representation of a
vertex u ∈ V (G) with respect to a set S = {w1, . . . , wt} ⊆ V (G), is the
vector

r(u|S) = (dG(u,w1), . . . , dG(u,wt)),

where dG(x, y) stands for the distance between the vertices x, y. The
set S ⊂ V (G) is a resolving set for G if r(u|S) ̸= r(v|S) for every
u, v ∈ V (G). The cardinality of the smallest such set is the metric
dimension of G.

On the other hand, the multiset representation of u ∈ V (G) with
respect to S is the multiset

m(u|S) = {|dG(u,w1), . . . , dG(u,wt)|}.

The set S is a multsiset resolving set if m(u|S) ̸= m(v|S) for every
u, v ∈ V (G) \ S. The cardinality of the smallest such set is the outer
multiset dimension of G.

Some short story on the evolution of the classical metric dimension
into the outer multiset dimension of graphs shall be presented in this
talk, by emphasizing on some recently developed contributions obtained
in collaboration with Sandi Klavžar.

Joint work with Sandi Klavžar and Dorota Kuziak.

Keywords: metric dimension; outer multiset dimension; multiset re-
solving sets; resolving sets
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List coloring of planar graphs
Xuding Zhu (xdzhu@zjnu.edu.cn)

Zhejiang Normal University, Jinhua, Zhejiang, China

The classical results of Thomassen and Voigt answered some funda-
mental questions about list coloring of planar graphs (i.e., every planar
graph is 5-chooable, every planar graph of girth at least 5 is 3-choosable,
and that there are planar graphs that are not 4-choosable, and there
are planar graphs of girth 4 that are not 3-choosable). Yet there are
still many interesting and challenging questions concerning this topic
remain open. In this talk, I shall survey some recent progress on some
of the problems. In particular, I shall sketch a proof of a recent result
that every planar graph is (4, 2)-choosable, meaning that for any 4-list
assignment L of a planar graph G, if |L(x)∩L(y)| ≤ 2 for each edge xy,
then G is L-colorable. This answers a question asked by Kratochvíl,
Tuza and Voigt in 1998. I shall also present some partial results on
Škrekovski’s conjecture that every planar graph is (3, 1)-choosable.

Joint work with Jialu Zhu, Rongxing Xu, and Yiting Jiang.

Keywords: graph coloring; planar graph; list with separation
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More on the graph pebbling
Saeid Alikhani (alikhani@yazd.ac.ir)

Yazd University, Iran

Let G = (V,E) be a simple graph. A function ϕ : V → N is called a con-
figuration of pebbles on the vertices of G and the quantity

∑
u∈V ϕ(u)

is called the size of ϕ which is just the total number of pebbles assigned
to vertices. A pebbling step from a vertex u to one of its neighbors
v reduces ϕ(u) by two and increases ϕ(v) by one. Given a specified
target vertex r we say that ϕ is t-fold r-solvable if some sequence of
pebbling steps places t pebbles on r. Conversely, if no such steps ex-
ist, then ϕ is r-unsolvable. The minimum positive integer m such that
every configuration of size m on the vertices of G is t-fold r-solvable
is denoted by πt(G, r). The t-fold pebbling number of G is defined to
be πt(G) = maxr∈V (G)πt(G, r). When t = 1, we simply write π(G),
which is the pebbling number of G. In this talk, after reviewing some
previous results on π(G), we state some new results on this parameter.

Joint work with F. Aghaei.

Keywords: pebbling; optimal pebbling; friendship graph
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On Hosoya’s dormants and sprouts

Salem Al-Yakoob (smalyakoob@gmail.com)
Kuwait University, Kuwait

The study of cospectral graphs is one of the traditional topics of spec-
tral graph theory. Over the years many constructions of cospectral
graphs were proposed, among which the Godsil-McKay local switching
and the Schwenk’s use of coalescences are most well-known, since both
were were used to show (around the 1980s) that almost all trees have
cospectral mates. Recently, enumerations of cospectral graphs with up
to 12 vertices by Haemers and Spence and by Brouwer and Spence have
led to the conjecture that, on the contrary, “almost all graphs are likely
to be determined by their spectrum”. This conjecture paved the way
for myriad of results showing that various special types of graphs are
determined by their spectra. On the other hand, in a recent series of
papers, Hosoya drew the attention to a particular way of constructing
cospectral graphs by using coalescences: that cospectral graphs can be
constructed by attaching multiple copies of a rooted graph in different
ways to subsets of vertices of an underlying graph.

After briefly surveying the history of constructing cospectral graphs,
we focus on the expectations and questions about cospectrality of mul-
tiple coalescences that were raised in Hosoya’s papers. In particular,
we discuss the characteristic polynomial of such multiple coalescences,
from which a necessary and sufficient condition for their cospectrality
follows. We enumerate such pairs of cospectral multiple coalescences for
a few families of underlying graphs, and show the infinitude of cospec-
tral multiple coalescences having paths as underlying graphs, which
were deemed rare by Hosoya.

Joint work with Ali Kanso and Dragan Stevanović.

Keywords: cospectral graphs; graph coalescence; removal-cospectral
sets
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Connected domination in random graphs
Gábor Bacsó (tud23sci@gmail.com)

Institute for Computer Science and Control (SZTAKI), Budapest, Hungary

Given a graph G = (V,E), a dominating set is a subset D ⊆ V such
that every vertex in V \D is adjacent with at least one vertex in D. The
domination number of G, denoted by γ(G), is the minimum cardinality
of a dominating set in G. Assuming that the graph G = (V,E) is
connected, a subset D ⊆ V is said to be a connected dominating set
if it is a dominating set and the subgraph G[D] induced by D ⊆ V is
connected. The minimum cardinality of a connected dominating set is
termed the connected domination number, denoted by γc(G).

Comparing γ(G) and γc(G) for a random graph with constant edge
probability p, we obtain that the two parameters are asymptotically
equal with probability tending to 1 as the number of vertices gets large.

We also consider nonconstant edge probability pn tending to zero
(where n is the number of vertices). Among other results, we extend an
asymptotic formula of Gilbert on the probability that a random graph
is connected. Moreover, we present open problems in this new frame.

Joint work with József Túri and Zsolt Tuza.

Keywords: random graph; graph domination; connected domination
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Domination in catacondensed hexagonal systems
Sergio Bermudo (sbernav@upo.es)

Pablo de Olavide University, Seville, Spain

In this talk, we present some results about the domination number in
catacondensed hexagonal systems, starting with the easiest ones, the
hexagonal chains. A hexagonal system is a finite connected plane graph
without cut vertices, in which all interior regions are mutually congru-
ent regular hexagons. A hexagonal system is said to be simple if it can
be embedded into the regular hexagonal lattice in the plane without
overlapping of its vertices. Hexagonal systems that are not simple are
called jammed. They are of great importance for theoretical chemistry
because they are natural graph representations of benzenoid hydrocar-
bons. A hexagonal chain is a hexagonal system with the properties
that (a) it has no vertex belonging to three hexagons, and (b) it has
no hexagon with more than two adjacent hexagons (it is like a path of
hexagons). A catacondensed hexagonal system is a hexagonal system
which has no vertex belonging to three hexagons (it is like a tree of
hexagons). We show some bounds on the domination number using
the structure of the catacondensed hexagonal system, its number of
hexagons and its number of branching hexagons.

Joint work with Robinson A. Higuita and Juan P. Rada.

Keywords: domination number; hexagonal system; catacondensed
hexagonal systems
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List covering of regular multigraphs
Jan Bok (bok@iuuk.mff.cuni.cz)

Faculty of Mathematics and Physics, Charles University, Prague, Czech
Republic

A graph covering projection, also known as a locally bijective homomor-
phism, is a mapping between vertices and edges of two graphs which
preserves incidencies and is a local bijection. This notion stems from
topological graph theory, but has also found applications in combina-
torics and theoretical computer science.

It has been known that for every fixed simple regular graph H of
valency greater than 2, deciding if an input graph covers H is NP-
complete. In recent years, topological graph theory has developed into
heavily relying on multiple edges, loops, and semi-edges, but only par-
tial results on the complexity of covering multigraphs with semi-edges
are known so far. In this paper we consider the list version of the
problem, called List-H-Cover, where the vertices and edges of the
input graph come with lists of admissible targets. Our main result
reads that the List-H-Cover problem is NP-complete for every reg-
ular multigraph H of valency greater than 2 which contains at least
one semi-simple vertex (i.e., a vertex which is incident with no loops,
with no multiple edges and with at most one semi-edge). Using this
result we show the NP-co/polytime dichotomy for the computational
complexity of List-H-Cover of cubic multigraphs.

Joint work with Jiří Fiala, Nikola Jedličková, Jan Kratochvíl, and
Paweł Rzążewski.

Keywords: graph homomorphism; covering; multigraphs; semi-edges;
complexity
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Maturity models and knowledge spaces I -
Modeling with partial cubes

Drago Bokal (drago.bokal@um.si)
University of Maribor, Faculty of Natural Sciences and Mathematics,

Slovenia

The longitudinal study aims to obtain information on changes in a
cohort of subjects undergoing a common process being monitored. Ad-
ditionally, it can be used to anticipate risks or predict future develop-
ments. The subjects mature in the studied process and observations
of ordinal variables measuring the progress of subjects provide insight
into the observed process.

Our primary interest in the subject arises from observing emotional
states of students during a project-based learning course. Data from
several one-semester project based courses provides insight into the link
between motivation and development of skills. Moreover, it provides
interesting graphs that allow us to apply graph theoretic tools to in-
vestigate these processes. One of the tools are (tile) crossing numbers
whose minimization allows for ranking of the subjects at specific tests
in the longitudinal study.

Another tool are partial cubes, which are used to model the learn-
ing space of the subjects; given this model of the learning space, the
maturity model provides insight into a path through its graph, and the
link between the difficulty of a path and the resources required to learn
it can be optimized using our approach.

Joint work with Maša Galun, Janja Jerebic, and Špela Kajzer.

Keywords: longitudinal study; maturity model; tile crossing number;
partial cube; optimal drawing
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Even cycle decompositions of index 3 in 4-regular
graphs

Simona Bonvicini (simona.bonvicini@unimore.it)
University of Modena and Reggio Emilia, Italy

An even cycle decomposition (ECD) of an Eulerian graph is a partition
of the edge set into even cycles. It is known that every Eulerian graph
containing no subgraph contractible to K5 and containing no odd block
has an ECD [4]. Nevertheless, the results in [4] do not solve the problem
for 4-regular graphs since almost all 4-regular graphs have a K5-minor
[2].

We study ECDs in 4-regular graphs satisfying the following addi-
tional condition. We color the even cycles so as two cycles sharing at
least one vertex get distinct colors. If k is the minimum number of
required colors, then we say that the ECD has index k. We are in-
terested in ECDs with the smallest index k. For a 4-regular graph G,
there exists an ECD of index k = 2 if and only if G is class 1, otherwise
k ≥ 3 for every ECD. We prove the existence of an ECD of index 3 for
some infinite families of 4-regular graphs. The results give a new con-
tribution to the problem on the existence of ECDs in 4-regular graphs
and to other open problems that are known in the literature, see [1, 3].

References

1. A. Bonisoli, S. Bonvicini, Even cycles and even 2-factors in the
line graph of a simple graph, Electron. J. Combin. 24 (2017)
P4.15.

2. K. Markström, Complete minors in cubic graphs with few short
cycles and random cubic graphs, Ars Combin. 70 (2004), 289–
295.

3. K. Markström, Even cycle decompositions of 4-regular graphs and
line graphs, Discrete Math. 312 (2012), 2676-2681.

4. C. Q. Zhang, On even circuit decompositions of Eulerian graphs,
J. Graph Theory 18(1) (1994), 51–57.

Keywords: graph decompositions; Eulerian graphs; graph coloring
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Grundy domination and zero forcing in regular
graphs

Simon Brezovnik (simon.brezovnik2@um.si)
University of Maribor, Slovenia

Given a finite graph G, the maximum length of a sequence (v1, . . . , vk)
of vertices in G such that each vi dominates a vertex that is not dom-
inated by any vertex in {v1, . . . , vi−1} is called the Grundy domina-
tion number, γgr(G), of G. A small modification of the definition
yields the Z-Grundy domination number, which is the dual invariant
of the well-known zero forcing number. In this talk, we show that
γgr(G) ≥ n+⌈ k

2 ⌉−2

k−1 holds for every connected k-regular graph of order
n different from Kk+1 and 2C4. The bound in the case k = 3 reduces
to γgr(G) ≥ n

2 , and we characterize the connected cubic graphs with
γgr(G) = n

2 . If G is different from K4 and K3,3, then n
2 is also an upper

bound for the zero forcing number of a connected cubic graph, and we
characterize the connected cubic graphs attaining this bound.

Joint work with Boštjan Brešar.

Keywords: Grundy domination number; zero forcing; regular graph;
cubic graph

Domination game with shifts on caterpillars
Csilla Bujtás (bujtasc@gmail.com)

University of Ljubljana, Slovenia

The domination game and the corresponding graph invariant γg(G)
were introduced by Brešar, Klavžar, and Rall in 2010. One of the
central topics in the area is the so-called ‘3/5-conjecture.’ As it was
proved by Kinnersley, West, and Zamani in 2013, the conjecture is true
for caterpillars i.e. γg(G) ≤ 3n/5 holds for every caterpillar G of order
n ≥ 2. They also posed the question whether the upper bound can be
improved for caterpillars of appropriately large orders. In the talk, we
answer the question affirmatively by proving that every caterpillar of
order n satisfies γg(G) ≤ ⌈7n/12⌉.

Keywords: domination game; caterpillar
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On three domination-based identification problems
in block graphs

Dipayan Chakraborty (dipayan.chakraborty@uca.fr)
LIMOS, Université Clermont Auvergne, France

The problems of determining minimum identifying or (open) locating-
dominating codes are special search problems that are challenging from
both theoretical and computational viewpoints. In these problems, one
selects a dominating set C from the vertex set V (G) of a graph G such
that the vertices of a chosen subset of V (G) (e.g. V (G) \ C or V (G)
itself) are uniquely determined by their neighborhoods in C. A typical
line of attack for these problems is to determine tight bounds for the
minimum codes in special graphs. In this work, we present for block
graphs (i.e. diamond-free chordal graphs) tight lower and upper bounds
for all the three codes, and examples of block graphs which attain these
bounds. Our upper bounds are in terms of the number of maximal
cliques nQ(G), the order |V (G)| and other structural properties of a
block graph G. As for the lower bounds, we prove them to be linear in
terms of (i) nQ(G), and (ii) the order of G.

This work was sponsored by a public grant overseen by the French
National Research Agency as part of the “Investissements d’Avenir”
through the IMobS3 Laboratory of Excellence (ANR-10-LABX-0016)
and the IDEX-ISITE initiative CAP 20-25 (ANR-16-IDEX-0001).

Joint work with Florent Foucaud, Aline Parreau, and Annegret K.
Wagler.

Keywords: identifying code; (open) locating-dominating; domination
number; block graph
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Distance measures in graphs of girth 6

Peter Dankelmann (pdankelmann@uj.ac.za)
University of Johannesburg

Let G be a connected graph. The diameter and Wiener index of G are
defined as the largest and the sum of the distances between all pairs of
vertices of G. The average eccentricity of G is the arithmetic mean of
the eccentricities of the vertices of G, where the eccentricity of a vertex
v is defined as the distance between v and a vertex farthest from v.

In this talk we present bounds on these distance measures for graphs
of girth 6 in terms of order, minimum degree and maximum degree.
We further show that, in a sense, our bounds are best possible. In this
context a natural generalisation of cages arises, which is interesting
in its own right. The cage problem considers the minimum order of
regular graphs of prescribed degree and girth. In our generalisation
we consider not regular graphs, but prescribe minimum and maximum
degree.

Joint work with Alex Alochukwu.

Keywords: diameter; Wiener index; average eccentricity; girth; cage
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Thresholds for monochromatic clique transversal
game

Pakanun Dokyeesun (pakanun.dokyeesun@student.fmf.uni-lj.si)
University of Ljubljana, Slovenia

The (a, b)-monochromatic clique transversal game is a game played on
a graph G by two players, Alice and Bob. The players alternately
color vertices in G, in each move Alice colors a vertices red while Bob
colors b vertices blue. We observe that this game is equivalent to the
(b, a)-biased Maker-Breaker game played on the clique-hypergraph of G.
The main results are estimating the thresholds bias a1(G) (res., a′1(G))
which is the smallest integer a such that Alice can win in the Alice-
start (res., Bob-start) (a, 1)-monochromatic clique transversal game on
G. We determine a1(G) and a′1(G) where G is a triangle-free graph,
establish lower and upper bounds on the disjoint union of graphs, and
show that all values between the bounds are realizable. Moreover, we
obtain the exact values of the thresholds for Cartesian products of paths
and cycles.

Joint work with Csilla Bujtás and Sandi Klavžar.

Keywords: monochromatic clique transversal game; clique-hypergraph;
biased Maker-Breaker game; triangle-free graph

b-coloring of regular graphs
Hanna Furmańczyk (hanna.furmanczyk@ug.edu.pl)
Institute of Informatics, University of Gdańsk, Poland

We consider the problem of b-coloring of regular graphs. The b-chromatic
number of a graph G is the largest integer k such that G admits a proper
k-coloring in which every color class contains at least one vertex that
has a neighbor in each of the other color classes. There is known the
conjecture for this type of coloring of regular graphs posed in 2009.

Conjecture 1 Every d-regular graph with girth at least 5, different
from the Petersen graph, has a b-coloring with d+ 1 colors.

We present some new results towards proving the conjecture.

Keywords: b-coloring; regular graphs; graph coloring
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Hamiltonicity and matchings in quartic graphs...
the case of accordion graphs

John Baptist Gauci (john-baptist.gauci@um.edu.mt)
University of Malta, Malta

Let G be a graph of even order and let KG be the complete graph on
the same vertex set of G. A pairing of a graph G is a perfect matching
of the graph KG. A graph G has the Pairing-Hamiltonian property
(the PH-property) if for each one of its pairings, there exists a perfect
matching of G such that the union of the two gives rise to a Hamiltonian
cycle of KG. In 2015, Alahmadi et al. gave a complete characterisation
of the cubic graphs having the PH-property, by showing that the only
three cubic graphs having the PH-property are the complete graph K4,
the complete bipartite graph K3,3, and the 3-dimensional cube. The
next step would be to characterise the quartic graphs that have the
PH-property.

In this talk we discuss a class of quartic graphs on two parameters,
n and k, which we call the class of accordion graphs A[n, k]. We show
that an infinite family of quartic graphs (which are also circulant) that
Alahmadi et al. stated to have the PH-property are, in fact, members
of this general class of accordion graphs. We study the PH-property of
these accordion graphs, at times focusing on the pairings of G which
are also perfect matchings of G. We investigate a close relationship
that exists between accordion graphs and the Cartesian product of two
cycles, and give a complete characterisation of those accordion graphs
that are circulant graphs.

Joint work with Jean Paul Zerafa.

Keywords: Hamiltonian cycle; perfect matching; quartic graph; circu-
lant graph
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On the super domination number of a graph
Nima Ghanbari (Nima.Ghanbari@uib.no)

Department of Informatics, University of Bergen, Norway

Let G = (V,E) be a simple graph. A dominating set of G is a subset
S ⊆ V such that every vertex not in S is adjacent to at least one vertex
in S. The cardinality of a smallest dominating set of G, denoted by
γ(G), is the domination number of G. A dominating set S is called a
super dominating set of G, if for every vertex u ∈ S = V − S, there
exists v ∈ S such that N(v) ∩ S = {u}. The cardinality of a smallest
super dominating set of G, denoted by γsp(G), is the super domination
number of G. In this talk, I present some of recent results on the super
domination number and a new definition in this field.

Keywords: domination number; super dominating set; unary and bi-
nary operations
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Paired domination in trees

Aleksandra Gorzkowska (agorzkow@agh.edu.pl)

AGH University of Science and Technology, Kraków, Poland

Let G be a graph with no isolated vertices. We call a set of vertices
S ⊂ V (G) a paired dominating set if every vertex of the graph G is adja-
cent to a vertex in S and the subgraph induced by S contains a perfect
matching. The paired domination number of the graph G, denoted
γpr(G), is the minimum number of vertices in a paired dominating set
of G. This parameter has been defined and first studied by Haynes and
Slater. Among other results, they proved that γpr(G) ≤ |V (G)| − 1, if
G is a connected graph of order at least three. They also character-
ized the graphs which achieve this upper bound. Except for two small
cycles these graphs are the family of subdivided stars. This served as
a motivation to consider the family of trees to possibly improve this
general upper bound in terms of parameters other than the order of
the graph.

In this talk, we present an upper bound on the paired domination
number of a tree in terms of its order, maximum degree, and number
of vertices of degree 1 and 2. We show that this bound is tight for
all maximum degrees at least three. Furthermore, we present tight
upper bound on the paired domination number of a tree in terms of its
independence number.

Joint work with Michael A. Henning, Elżbieta Kleszcz, and Monika
Pilśniak.

Keywords: paired domination; trees; independence number
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On the cyclomatic number and (edge, mixed)
metric dimension of connected graphs

Anni Hakanen (ahakanen@outlook.com)
Université Clermont-Auvergne, CNRS, Mines de Saint-Étienne,

Clermont-Auvergne-INP, LIMOS, 63000 Clermont-Ferrand, France

Let G be a finite, undirected and connected graph. Sedlar and Škrekov-
ski recently conjectured that dim(G) ≤ L(G) + 2c(G) and edim(G) ≤
L(G) + 2c(G), where dim(G) and edim(G) are the metric and edge
metric dimensions of G, c(G) is the cyclomatic number of G, and L(G)
is the minimum number of vertices that are needed from so-called legs
of the graph. Sedlar and Škrekovski also presented a similar conjecture
for the mixed metric dimension of G; if G ̸= Cn, then mdim(G) ≤
l(G) + 2c(G), where l(G) is the number of leaves in G. We show that
dim(G) and edim(G) are bounded by L(G) + 4c(G) − 4 and that we
have mdim(G) ≤ l(G) + 4c(G)− 4 when G is not a tree or a unicyclic
graph.

Joint work with Dibyayan Chakraborty and Florent Foucaud.

Keywords: cyclomatic number; metric dimension; edge metric dimen-
sion; mixed metric dimension

Efficient checking of diagram commutativity
Richard Hammack (rhammack@vcu.edu)
Virginia Commonwealth University, USA

We are concerned with commutative diagrams in the usual sense: A
diagram is a digraph for which the vertices are objects in a category
and the arcs are morphisms A diagram commutes if the compositions
along any two routes from one vertex to another are equal. The number
of route pairs can increase exponentially with a diagram’s size. Despite
this, we describe an efficient means of deciding whether a diagram
commutes.

Joint work with Paul Kainen.

Keywords: commutative diagrams; acyclic digraphs; bubbles in di-
graphs
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Relations of Wiener index and (revised) Szeged
index on cacti

Stefan Hammer (stefan.hammer@tugraz.at)
Graz University of Technology

The Wiener index is the sum of all distances in a graph and the (revised)
Szeged index sums up contributions of edges. While not obviously
related, they originate from the same concept on trees, and thus have
close connections.

In this talk we discuss special relations of the Wiener index and the
(revised) Szeged index on cactus graphs. Along the way we provide a
representation of the revised Szeged index as sum over vertices.

Keywords: Wiener index; (revised) Szeged index; cactus graphs

The game of cops and robber on geodesic spaces
Vesna Iršič (vesna.irsic@fmf.uni-lj.si)

Simon Fraser University, Canada and University of Ljubljana, Slovenia and
IMFM, Slovenia

Recently, Mohar introduced a variation of the cops and robber game
that is played on arbitrary geodesic spaces. The game combines prop-
erties of both the classical cops and robber game played on graphs and
the differential pursuit-evasion games. In the game, cops win if they
can get arbitrarily close to the robber. On the other hand, cops catch
the robber if one of them occupies the same point as the robber. In this
talk we will discuss some properties of the game, observe the difference
between the number of cops needed to catch the robber and the num-
ber of cops needed to win the game, and investigate several strategies
for the players – some of those arise from the game played on graphs,
while others have not been studied on graphs yet.

Joint work with Bojan Mohar and Alexandra Wesolek.

Keywords: cops and robber game; geodesic space; strategies
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Min orderings and list homomorphism dichotomies
for signed graphs

Nikola Jedličková (jedlickova@kam.mff.cuni.cz)
Faculty of Mathematics and Physics, Charles University, Prague, Czech

Republic

The CSP dichotomy conjecture has been recently established, but a
number of other dichotomy questions remain open, including the di-
chotomy classification of list homomorphism problems for signed graphs.
For a fixed signed graph Ĥ, the list homomorphism problem asks
whether an input signed graph Ĝ with lists L(v) ⊆ V (Ĥ), v ∈ V (Ĝ), ad-
mits a homomorphism f to Ĥ with all f(v) ∈ L(v), v ∈ V (Ĝ). Usually,
a dichotomy classification is easier to obtain for list homomorphisms
than for homomorphisms, but for signed graphs it is not the case.

In this talk, I will show a structural classification in the special case
of weakly balanced irreflexive and reflexive signed graphs (previously
conjectured by Kim and Siggers). This generalizes previous results
on weakly balanced signed trees, and weakly balanced separable signed
graphs. The proof of irreflexive case depends on first deriving a theorem
on extensions of min orderings of (unsigned) bipartite graphs, which is
interesting on its own.

Joint work with Jan Bok, Richard Brewster, Pavol Hell, and Arash
Rafiey.

Keywords: graph homomorphisms; computational complexity; signed
graphs
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Maturity models and knowledge spaces II -
Maturity model crossing minimization

Janja Jerebic (janja.jerebic@um.si)
University of Maribor, Faculty of Organizational Sciences and Faculty of

Natural Sciences and Mathematics, Slovenia

A panel, or longitudinal, data set follows a given sample of individuals
over time, and thus provides multiple observations on each individual
in the sample. Based on such data, several maturity models can be
developed to measure the ability of an individual for gradual improve-
ment in a particular discipline. In this talk, observations for one ordinal
variable over time will be studied and presented using tiled graphs with
the provably smallest number of crossings.

Joint work with Drago Bokal, Maša Galun, and Špela Kajzer.

Keywords: longitudinal study; maturity model; crossing number; tile
crossing number; optimal drawing

Majority edge-colorings of graphs
Rafał Kalinowski (kalinows@agh.edu.pl)

AGH University, Cracow, Poland

Motivated by some similar notions considered for vertex-colorings, we
introduce the notion of majority edge-colorings of graphs: For a simple
graph G, a coloring c : E(G) → [k] is called a majority k-edge color-
ing if, for every vertex u of G and every color α in [k], at most half
the edges incident with u have the color α. We prove the best result
that every graph without pendant edges has a majority 4-coloring. We
also address the question which graphs admit majority 3-edge color-
ings. Moreover, we investigate a natural variation of majority edge-
colorings.

Joint work with Felix Bock, Johannes Pardey, Monika Pilśniak, Di-
eter Rautenbach, and Mariusz Woźniak.

Keywords: edge coloring; chromatic index; unfriendly partition
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On some metric properties of direct-co-direct
product

Aleksander Kelenc (aleksander.kelenc@um.si)
University of Maribor, Slovenia and IMFM, Slovenia

Direct-co-direct product G⊛H of graphs G and H is a graph on vertex
set V (G)× V (H). Two vertices (g, h) and (g′, h′) are adjacent if gg′ ∈
E(G) and hh′ ∈ E(H) or gg′ /∈ E(G) and hh′ /∈ E(H). In this talk
we present the distance formula for G ⊛ H in the case of connected
non-complete factors G and H. We show that eccentricity of a vertex
of G ⊛H for connected non-complete graphs G and H is bounded by
five. We characterize the disconnected cases of G⊛H. We also present
the distance formula in the case where at most one factor of G⊛H is
connected. The distance between two vertices of G⊛H in such case is
bounded by three, except in some small number of exceptions.

Joint work with Iztok Peterin.

Keywords: graph product; direct-co-direct product; distance; eccen-
tricity
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Coloring directed hypergraphs
Balázs Keszegh (keszegh@renyi.hu)

Alfréd Rényi Institute of Mathematics and ELTE Eötvös Loránd University
MTA-ELTE Lendület Combinatorial Geometry Research Group, Budapest,

Hungary

Inspired by earlier results about proper and polychromatic coloring
of hypergraphs, we investigate such colorings of directed hypergraphs,
that is, hypergraphs in which the vertex set of each hyperedge is par-
titioned into two parts, a tail and a head. We present a conjecture of
D. Pálvölgyi and the author, which states that directed hypergraphs
with a certain restriction on their pairwise intersections can be properly
colored with two colors. Besides other contributions, our main result
is a proof of this conjecture for 3-uniform directed hypergraphs. This
result can be phrased equivalently such that if a 3-uniform directed
hypergraph avoids a certain directed hypergraph with two hyperedges,
then it admits a proper 2-coloring. Previously, only extremal problems
regarding the maximum number of edges of directed hypergraphs that
avoid a certain hyperedge were studied.

Keywords: proper coloring; polychromatic coloring; hypergraph; di-
rected hypergraph

General position sets and mutual visibility sets
Sandi Klavžar (sandi.klavzar@fmf.uni-lj.si)

University of Ljubljana, Slovenia
University of Maribor, Slovenia

Institute of Mathematics, Physics and Mechanics, Slovenia

Let G = (V (G), E(G)) be a connected graph and S ⊆ V (G). Then S
is a general position set if no triple of vertices from S lie on a common
geodesic in G. Two vertices from S are mutually visible if there is a
shortest path between them without further vertices of S, and S is a
mutual-visibility set if its vertices are pairwise mutually visible. General
position sets and mutual-visibility sets were introduced and motivated
by different applications not long ago. In this talk, some results on
these two in some sense dual concepts will be presented.

Keywords: general position set; mutual visibility set; graph product
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Graphs with a unique maximum independent set
up to automorphisms

Elżbieta Kleszcz (elzbieta.kleszcz@agh.edu.pl)
Department of Discrete Mathematics, AGH University, Krakow, Poland
Department of Mathematics and Applied Mathematics, University of

Johannesburg, Auckland Park, 2006 South Africa

Let G be a graph and let S ⊂ V (G) has a property P. By ρ(G)
we denote maximum (respectively minimum) cardinality of a subset of
V (G) with property P. We say that G is ρ-unique if there is exactly
one set S ⊂ V (G) of cardinality ρ(G) with property P. Graphs with
unique maximum independent set have been studied, inter alia, by
Hopkins and Staton, and later by Gunther, Hartnell and Rall.

A graph G is called ρ-iso-unique if for any two subsets S1, S2 ⊂ V (G)
of cardinality ρ(G) there is an automorphism φ ∈ Aut(G), such that
φ(S1) = S2. In our work, we start the investigation into α-iso-unique
graphs by giving the characterization of such trees and partially gener-
alizing the results on chordal graphs. We state some results about the
problem complexity and some results concerning α-iso-unique cartesian
products.

Joint work with B. Brešar, T. Dravec, and A. Gorzkowska.

Keywords: paired domination; trees; independence number
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Domination sets in regular graphs
Martin Knor (martin.knor@stuba.sk)

Slovak University of Technology in Bratislava, Slovakia

Let G be a graph and S ⊆ V (G). Then S is dominating set if every
vertex v of G is at distance at most 1 from S. The size of minimum
dominating set in G is its dominating number γ(G). If S is dominating
and independent, then it is independent dominating set. The size of
minimum independent dominating set in G is its independent dominat-
ing number i(G). Obviously, γ(G) ≤ i(G) and so 1 ≤ i(g)

γ(G) . Interesting
is the upper bound. If G is k-regular graph and 3 ≤ k ≤ 6 then it was
shown by Babikir, Goddard, Henning, Lyle and Southey that i(G)

γ(G) ≤
k
2 .

We extend this result to all k ≥ 3. The proof is split into two parts
according to the number of edges in the subgraph of G induced by S
and we present it in the talk. The only extremal graphs, for which
i(G)
γ(G) =

k
2 , are the complete bipartite graphs Kk,k.

This research was partially supported by Slovak research grants
APVV-17-0428, APVV-19-0308, VEGA 1/0206/20 and VEGA
1/0567/22 and also by Slovenian research agency ARRS, programs no.
P1-0383 and projects J1-1692 and J1-8130.

Joint work with Riste Škrekovski and Aleksandra Tepeh.

Keywords: dominating set; independent dominating set; regular graph
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The language of self-avoiding walks
Christian Lindorfer (lindorfer@math.tugraz.at)

Graz University of Technology

Let X be an infinite, locally finite, deterministically edge labelled graph
such that the label-preserving automorphism group of X acts with
finitely many orbits on X. Important examples in this class are Cayley
graphs of finitely generated groups, where each directed edge is labelled
with its generator. The language of self-avoiding walks consists of all
words which can be read along self-avoiding walks on X.
In this talk we discuss a recent characterisation of the language of
self-avoiding walks on graphs without thick ends. This language is k-
multiple context-free if and only if the size of all ends of X is at most
2k. Moreover, our approach shows that the connective constant of any
thin-ended quasi-transitive graph is an algebraic number.

Joint work with Florian Lehner and Wolfgang Woess.

Keywords: self-avoiding walks; infinite graphs; formal languages; graph
decomposition

Coloring vertices with neighborhood constraints
Borut Lužar (borut.luzar@gmail.com)

Faculty of Information Studies in Novo mesto

We will survey several (proper) vertex colorings with a common prop-
erty of having additional constraints given to the set of colors. Among
the most representative ones is the 2-distance coloring, i.e., a proper
coloring of the square of a graph, in which we require that in a neigh-
borhood of any vertex, each color appears at most once. The most
famous result regarding this topic might be that of Thomassen stating
that any subcubic planar graph admits a 2-distance coloring with at
most 7 colors. In recent years, many other colorings were studied and
for almost all of them there are some surprising results and intriguing
open problems, particularly in the class of planar graphs. We will take
a look at them.

Keywords: vertex coloring; neighborhood constraint; conflict-free col-
oring
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Characterising 3-polytopes of radius one with
unique realisation

Riccardo W. Maffucci (riccardo.maffucci@epfl.ch,
riccardowm@hotmail.com)

EPFL, Switzerland

Let F be a planar, 3-connected graph of radius one on p vertices, with a
vertices of degree three. We investigate the unigraphic degree sequences
for such graphs. We get a clean answer e.g. for a = 2 and a = 3, and
we also partially generalise.

Keywords: unigraphic degree sequence; planar graph; 3-polytopal graph;
graph radius

On compression schemes in hypercubes
Tilen Marc (tilen.marc@fmf.uni-lj.si)

Faculty of Mathematics and Physics, Ljubljana, Slovenia
Institute of Mathematics, Physics, and Mechanics, Ljubljana, Slovenia

Given a subset of vertices C of a hypercube Qn (equivalently a family
of subsets of [n]), a sample compression scheme is, roughly speaking, a
map that shortens the information about elements of C with the abil-
ity of reconstructing it. A long standing sample compression conjec-
ture asks to linearly bound the size of the optimal sample compression
schemes by the Vapnik-Chervonenkis (VC) dimension of an arbitrary
C.

In the talk we will present some recent results on proving the men-
tioned conjecture in the cases that C has nice geometric and combi-
natorial properties. In particular, we will focus on subsets C coming
from hyperplane arrangements, oriented matroids, complexes of ori-
ented matroids, etc., all being subfamilies of isometrically embeddable
subgraphs of hypercubes, i.e. partial cubes.

Keywords: sample compression scheme; VC dimension; oriented ma-
troids; partial cubes
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Paired and semipaired domination in
near-triangulations

Mercè Mora (merce.mora@upc.edu)
Universitat Politècnica de Catalunya, Barcelona, Spain

A dominating set D of a graph G is paired dominating if the subgraph
induced by D has a perfect matching and semipaired dominating if
there is a partition of D into 2-sets such that the vertices of each 2-set
are at distance at most 2. The paired domination number, denoted
by γpr(G), is the minimum cardinality of a paired dominating set of
G and the semipaired domination number, denoted by γpr2(G), is the
minimum cardinality of a semipaired dominating set of G. A near-
triangulation is a biconnected planar graph that admits a plane em-
bedding such that all faces are triangles except possibly the outer face.
In this talk, we show tight upper bounds on the paired and semipaired
domination numbers for near-triangulations, concretely, γpr(G) ≤ 2⌊n

4 ⌋
for any near-triangulation G of order n, n ≥ 4, and γpr2(G) ≤ ⌊ 2n

5 ⌋ for
any near-triangulation G of order n, n ≥ 5, with some exceptions.

Joint work with Mercè Claverol, Carmen Hernando, Montserrat
Maureso, and Javier Tejel.

Keywords: domination; near-triangulation; paired domination; semi-
paired domination

Some topological indices and the golden ratio
Nasim Nemati (nemati.nasim60@gmail.com)

Yazd University, Iran

In the field of chemical graph theory, a topological index is a numerical
parameter of a graph which characterize its topology and is usually
graph invariant. Hosoya index, Wiener index and Zagreb index are
three examples of well-known topological indices. In this talk, after
reviewing some previous results on these indices, we obtain some rela-
tionships between these topological indices and the golden ratio.

Joint work with Saeid Alikhani.

Keywords: Zagreb index; Hosoya index; golden ratio; Fibonacci num-
bers
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Stern’s diatomic sequence and two classes of 1-2
rooted trees

Daniele Parisse (daniele.parisse@t-online.de)
Airbus Defence and Space GmbH

Stern’s diatomic sequence is defined by s(0) = 0, s(1) = 1, s(2n) =
s(n), s(2n+ 1) = s(n) + s(n+ 1), n ≥ 1. This sequence, like the more
famous Fibonacci sequence, is ubiquitous and appears in many different
problems. We derive a second-order recurrence relation for s(n) and
give its solution by means of continued fractions. Moreover, we discuss
other known solutions which depend on the representation of n and
give another solution in matrix form. Then we also show that s(n) can
be determined by the number of leaves of a subclass of 1-2 rooted trees
of height h, known as genealogical 1-2 rooted trees. The 1-2 rooted trees
of height h are defined as those rooted trees of height h, where each
vertex has at most two successors and all leaves are at the level h. The
subclass of genealogical 1-2 rooted trees has the additional property
that if a vertex has two successors, then one has only one successor and
the other two successors. We give some properties of these graphs and
determine their number. Finally, we show that the Fibonacci trees,
that is the genealogical 1-2 rooted trees where the number of vertices
at each level is a Fibonacci number, are the maximal genealogical 1-2
rooted trees of height h with respect to the number of vertices.

Keywords: Stern’s diatomic sequence; continued fractions; genealogical
1-2 rooted trees; Fibonacci trees
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On distance and strong metric dimension of
modular product

Iztok Peterin (iztok.peterin@um.si)
University of Maribor, Faculty of Electrical Engineering and Computer

Science

Modular product G ⋄ H of graphs G and H is a graph on vertex set
V (G)×V (H). Two vertices (g, h) and (g′, h′) are adjacent if g = g′ and
hh′ ∈ E(H), or gg′ ∈ E(G) and h = h′, or gg′ ∈ E(G) and hh′ ∈ E(H),
or gg′ /∈ E(G) and hh′ /∈ E(H).

Let G be a graph. A u, v-geodesic P is maximal if P is not contained
in any other geodesic different than P . Vertices of the strong resolving
graph GSR of G are all the end-vertices of all maximal geodesics in G.
Moreover, uv ∈ E(GSR) if there exists a maximal u, v-geodesic in G.

We present the distance formula for modular product. Later we
describe all edges of a strong resolving graph of G ⋄ H. This is used
to demonstrate how to obtain strong metric dimension of a modular
product on several infinite families of graphs.

Joint work with Cong X. Kang, Aleksander Kelenc, and Eunjeong
Yi.

Keywords: modular product; distance; strong metric dimension; strong
resolving graph
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On emulational equivalence of combinatorial games
and the game Hackenforb

Danijela Popović (danijela.mitrovic@dmi.uns.ac.rs)
Mathematical Institute of the Serbian Academy of Sciences and Arts,

Belgrade, Serbia

In combinatorial game theory, two impartial games are considered equiv-
alent if their corresponding Grundy values are equal. Although the
developed theory is an irreplaceable tool when questions of the winner
and the optimal strategy are concerned, it does not tell too much about
the structural (dis)similarity between games. In this presentation we
shall talk about another notion of equivalence of impartial combina-
torial games, the so-called “emulational equivalence." This concept is
stronger than the Grundy equivalence, but weaker than the isomor-
phism between the game graphs. Intuitively, two games are emulation-
ally equivalent if they reduce to the same game when positions that
are “essentially the same" are not treated as distinct. We also define
a new impartial combinatorial game on graphs called Hackenforb and
show that various well-known combinatorial games (such as Nim, Sub-
traction game, Notakto, Chomp) are emulationally equivalent to an
instance of Hackenforb. We hope that it is not too ambitious to believe
that, in some future, Hackenforb can establish itself as a new common
“language" for studying many different games, and that this could help
in bringing out some new possible directions from which we can ap-
proach various open questions on combinatorial games and shed some
light on them.

Joint work with Bojan Bašić and Nikola Milosavljević.

Keywords: combinatorial games; emulational equivalence; games on
graphs; Hackenforb
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On a Problem of Steinhaus

Jakub Przybyło (jakubprz@agh.edu.pl)
AGH University of Science and Technology, Krakow, Poland

Let N be a positive integer. A sequence X = (x1, x2, . . . , xN ) of points
in the unit interval [0, 1) is piercing if {x1, x2, . . . , xn} ∩

[
i
n ,

i+1
n

)
̸= ∅

holds for every n = 1, 2, . . . , N and every i = 0, 1, . . . , n − 1. In 1958
Steinhaus asked whether piercing sequences can be arbitrarily long. A
negative answer was provided by Schinzel, who proved that any such
sequence may have at most 74 elements. This was later improved to the
best possible value of 17 by Warmus, and independently by Berlekamp
and Graham.

Consider a more general variant of piercing sequences. Let f(n) ≥ n
be an infinite nondecreasing sequence of positive integers. A sequence
X = (x1, x2, . . . , xf(N)) is f -piercing if {x1, x2, . . . , xf(n)} ∩

[
i
n ,

i+1
n

)
̸=

∅ holds for every n = 1, 2, . . . , N and every i = 0, 1, . . . , n−1. A special
case of f(n) = n + d, with d a fixed nonnegative integer, was studied
by Berlekamp and Graham. They noticed that for each d ≥ 0, the
maximum length of any (n+ d)-piercing sequence is finite. Expressing
this maximum length as s(d) + d, they obtained an exponential upper
bound on the function s(d), which was later improved to s(d) = O(d3)
by Graham and Levy. Recently, Konyagin proved that 2d ⩽ s(d) <
200d holds for all sufficiently large d.

Using a different technique, exploiting e.g. the Farey fractions, we
prove that the function s(d) satisfies ⌊c1d⌋ ⩽ s(d) ⩽ c2d + o(d) where
c1 = ln 2

1−ln 2 ≈ 2.25 and c2 = 1+ln 2
1−ln 2 ≈ 5.52, thus improving Konyagin’s

results. We also prove that there exists an infinite f -piercing sequence
with f(n) = γn+ o(n) if and only if γ ≥ 1

ln 2 ≈ 1.44.
Joint work with Marcin Anholcer, Bartłomiej Bosek, Jarosław Gryt-

czuk, Grzegorz Gutowski, Rafał Pyzik, and Mariusz Zaja̧c.

Keywords: piercing sequence; Farey fraction; problem of Steinhaus
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Metric coordinates in graphs
María Luz Puertas (mpuertas@ual.es)

Universidad de Almería, Spain

Given an ordered vertex subset W = {w1, . . . , wn} of a graph G, the
metric coordinates of a vertex v with respect to W are r(v|W ) =
(d(v, w1), . . . , d(v, wn)). The subset W is a resolving set of G if r(u|W ) =
r(v|W ) implies u = v, for every u, v ∈ V (G). Thus, the set of n-vectors
{r(v|W ) : v ∈ V (G)} is provided by the resolving set W .

In this talk, we address the reverse point of view of this relationship,
that is, given C ⊆ Zn, are there a graph G and a resolving set W such
that C = {r(v|W ) : v ∈ V (G)}? If the answer is positive, are G and R
unique? Moreover, we explore the role played by the strong product of
paths in this problem.

Joint work with Mercè Mora.

Keywords: resolving set; metric coordinates; strong product

Computing and storing M-polynomials of (planar)
graphs

Gašper Domen Romih (gasper.romih@fmf.uni-lj.si)
PhD Student

Let G be a graph and let mi,j(G), i, j ≥ 1, be the number of edges
uv of G such that {dv(G), du(G)} = {i, j}. The M-polynomial of G is
M(G;x, y) =

∑
i≤j mi,j(G)xiyj . A general method for calculating the

M-polynomials for arbitrary graph families is developed. The method is
further developed for the case where the vertices of a graph have degrees
2 and p, where p ≥ 3, and further for such planar graphs. Database
for storing M -polynomials will be presented. It features storing and
querying M -polynomials over various parameters.

Joint work with Sandi Klavžar and Emeric Deutsch.

Keywords: M -polynomial; degree-based topological index; planar graph
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Special lattices of orthogonal projectors
Lorenzo Sauras-Altuzarra (lorenzo.sauras@tuwien.ac.at)

TU Wien, Austria

In this presentation three partial orders for complex matrices will be
introduced; which are known in the literature as left star order, star
order, and core order.

The main interest of these orders ≤ is maybe the fact that, given any
complex square matrix B of size n and rank r, it is possible to define
an order-isomorphism between the corresponding interval [O,B]≤ and
a certain poset of orthogonal projectors of size r.

In addition, all the involved posets can be proved to be lattices.
Such lattice structure will be analyzed, and the eventual existence of
infimums and supremums will be characterized.

Joint work with C. R. Cimadamore, L. A. Rueda, and N. J. Thome.

Keywords: Hartwig-Spindelböck factorization; left star partial order;
star partial order; core partial order; lattice structure
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Approximating energy of wine glass cycles and
paths

Dragan Stevanović (dragan_stevanovic@mi.sanu.ac.rs)
Mathematical Institute of the Serbian Academy of Sciences and Arts,

Belgrade

The energy E(G) of a graph G is the sum of absolute values of the
eigenvalues of its adjacency matrix. Recently, Akbari, Alazemi and
Andjelić [Applicable Analysis and Discrete Mathematics 15 (2021),
444–459] proved that E(G) ≤ 2µ(G)∆(G) holds when G is connected
and ∆(G) ≥ 6, where µ(G) is the matching number and ∆(G) is the
maximum vertex degree of G. Despite relying extensively on the bound
∆(G) ≥ 6 in the proof, they conjectured that the same inequality is also
valid when 2 ≤ ∆(G) ≤ 5. Here we first showcase the process of finding
small counterexamples to this conjecture by software tools. These small
counterexamples lead to two aptly named infinite families—wine glass
cycles and paths. We illustrate an elegant use of elementary calculus
to approximate energy of these graphs.

Joint work with Ivan Damnjanović and Djordje Stevanović.

Keywords: graph energy; matching number; counterexamples
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The odd coloring

Riste Škrekovski (skrekovski@gmail.com)
Faculty of Mathematics and Physics, University of Ljubljana

Faculty of Information Studies, Novo mesto, Slovenia

A proper vertex coloring φ of graph G is said to be odd if for each non-
isolated vertex x ∈ V (G) there exists a color c such that φ−1(c)∩N(x)
is odd-sized. The minimum number of colors in any odd coloring of
G, denoted χo(G), is the odd chromatic number. Odd colorings were
recently introduced in [M. Petruševski, R. Škrekovski: Colorings with
neighborhood parity condition]. In the talk we discuss various basic
properties of this new graph parameter, establish several upper bounds,
several charatcterizatons, and pose some questions and problems. We
will also consider another new and related coloring, so called the proper
conflict-free coloring.

Joint work with Mirko Petruševski and Yair Caro.

Keywords: graph coloring; planar graph; four color theorem
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The competition-independence game with
prevention

Daša Štesl (Dasa.Stesl@fri.uni-lj.si)
University of Ljubljana, Slovenia,
University of Maribor, Slovenia,

IMFM, Slovenia

The competition-independence game is played on a simple finite graph
G by two players, Diminisher and Sweller. The players alternate turns
in choosing a vertex that is not adjacent to any of the vertices already
chosen. The goal of Sweller is to make the final set of chosen vertices
as big as possible while Diminisher’s goal is just the opposite. If both
players play optimally according to their goals two graph invariants,
called the competition-independence numbers, are obtained. The first
refers to a game started by Diminisher and the second to a game started
by Sweller.

In this talk, we introduce a variation of the competition-indepen-
dence game in which on each turn a player can decide to make any of
the two types of moves, which are choosing a vertex (the chosen vertex
has been added into the independent set that is being built during
the game) and preventing a vertex from being chosen (the prevented
vertex should not be played until the rest of the game). Given a graph
G, Ĩd(G) (resp. Ĩs(G)) denotes the size of the final independent set of
chosen vertices in the competition-independence game with prevention
in which both players play optimally and Diminisher (resp. Sweller)
moves first.

We use the Partition Strategy to determine the competition-inde-
pendence numbers with prevention of paths. Further, we establish the
general bounds, 1 ≤ Ĩd(G) ≤ ⌊n

2 ⌋ and 1 ≤ Ĩs(G) ≤ ⌈n
2 ⌉, and give

the characterization of the classes of (connected) graphs G that attain
the given bounds. Additionally, for graphs with diameter 2, we estab-
lish a close connection between the competition-independence games
with prevention and a version of the coloring game called the packing
coloring game.

Joint work with Boštjan Brešar.

Keywords: competition-independence game; independent domination
game; coloring game; packing coloring
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Injective coloring of planar graphs with maximum
degree 4

Kenny Štorgel (kennystorgel.research@gmail.com)
Faculty of Information Studies, Novo mesto, Slovenia

An injective coloring of a graph G is a coloring of the vertices of G
in which every pair of vertices with a common neighbor receive dis-
tinct colors. The injective chromatic number, denoted by χi(G), is
the smallest integer k such that there exists an injective coloring of
G with k colors. The injective coloring was first introduced in 2002
by Hahn, Kratochvíl, Širáň, and Sotteau. This concept is also related
to 2-distance coloring and exact square coloring. However, unlike the
2-distance coloring, both the injective coloring and the exact square
coloring need not be proper.

In this talk we present an overview of the results related to the
injective coloring of planar graphs. In particular, we focus on injective
coloring of planar graphs with maximum degree ∆ = 4. We prove that
planar graphs with ∆ = 4 are injectively list (∆ + 7)-colorable. In
addition, we prove that planar graphs with ∆ = 4 and girth at least 4
are injectively list (∆ + 5) colorable.

Joint work with Hoang La.

Keywords: injective coloring; distance coloring; planar graphs
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Keeping the safety distance
Andrej Taranenko (andrej.taranenko@um.si)

University of Maribor, Slovenia,
Institute of Mathematics, Physics and Mechanics, Slovenia

We introduce the novel notion of the span of graphs. Using this, we
solve the problem of determining the maximal safety distance two play-
ers can keep at all times while traversing a graph (visit either all ver-
tices, or all edges) with accordance to certain move rules. For this
purpose, we introduce different variants of a span of a given connected
graph. For each variant, we show that the solution can be obtained
by considering only connected subgraphs of a graph product and the
projections to the factors. We characterise graphs in which it is impos-
sible to keep a positive safety distance at all moments in time. Wa also
show that the chosen span variant of a given graph can be determined
in polynomial time.

Joint work with Iztok Banič.

Keywords: strong span of a graph; direct span of a graph; Cartesian
span of a graph; safety distance
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Decompositions of uniform hypergraphs into tight
cycles

Zsolt Tuza (tuza@dcs.uni-pannon.hu)
Rényi Institute, Budapest, Hungary

University of Pannonia, Veszprém, Hungary

An r-uniform (tight) k-cycle is a cyclic sequence v1, v2, . . . , vk of k
vertices, together with k edges which are formed by the r-tuples of con-
secutive vertices vi, vi+1, . . . , vi+r−1 (i = 1, 2, . . . , k, subscript addition
taken modulo k). A k-cycle decomposition of an r-uniform hypergraph
H is a collection of r-uniform k-cycles that partition the edge set of H.
Arithmetic necessary conditions can be given for decomposability. We
present new classes of hypergraphs for which those standard necessary
conditions are also sufficient. For instance, we solve the problem for
complete 3-uniform hypergraphs of order n minus n/3 disjoint edges in
case of 9-cycles.

Joint work with Anita Keszler.

Keywords: hypergraph; edge decomposition; tight cycle; hypercycle
system; block design
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Resonant graphs of catacondensed coronoids
Aleksander Vesel (aleksander.vesel@um.si)

University of Maribor, Slovenia
IMFM, Slovenia

A catacondensed coronoid H is a connected subgraph of a hexagonal
system such that any edge of H lies in a hexagon of H, any triple of
hexagons of H has empty intersection and the inner dual of H is a
cactus graph. A perfect matching M of a catacondensed coronoid H
is resonant if every cycle of the inner dual of H admits a hexagon h
such that M possesses three edges of h. The vertex set of the resonant
graph of a catacondensed coronoid H consists of all resonant perfect
matchings of H, two perfect matchings being adjacent whenever their
symmetric difference forms the edge set of a hexagon of H. A labeling
which assigns a binary string to every resonant perfect matching of
a catacondensed coronoid is presented. Given a coronoid H with n
hexagons, the introduced labeling defines an isometric embedding of
the resonant graph of H into the n-cube. Moreover, it is proved that
the resonant graph of H is median. The introduced labeling allows us
to show that the resonant graph of a class of graphs that belongs to
catacondensed coronoid is isomorphic to a Lucas cube.

Keywords: catacondensed coronoid; perfect matching; resonant graph
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Constructing sparsest ℓ-hamiltonian saturated
k-uniform hypergraphs

Andrzej Żak (zakandrz@agh.edu.pl)
AGH University of Science and Technology

Given k ≥ 3 and 1 ≤ ℓ < k, an (ℓ, k)-cycle is one in which consecutive
edges, each of size k, overlap in exactly ℓ vertices. We study the small-
est number of edges in k-uniform n-vertex hypergraphs which do not
contain hamiltonian (ℓ, k)-cycles, but once a new edge is added, such a
cycle is promptly created. It has been conjectured [1, 2] that this num-
ber is of order nℓ and confirmed [2, 3] for ℓ ∈ {1, k/2, k− 1}, as well as
for the upper range 0.8k ≤ ℓ ≤ k − 1. Here we extend the validity of
this conjecture to the lower-middle range (k − 1)/3 ≤ ℓ < k/2.

1. G. Y. Katona and H. Kierstead, Hamiltonian chains in hyper-
graphs. J. Graph Theory 1999 pp. 205-212.

2. A. Ruciński and A. Żak, Hamilton saturated hypergraphs of es-
sentially minimum size, Electron. J. Comb., 2013 pp.P25.

3. A. Ruciński, A. Żak, On the Minimum Size of Hamilton Saturated
Hypergraphs, Electron. J. Comb. 2020 pp. P4.36.

Joint work with Andrzej Ruciński.

Keywords: saturation; hamiltonian; cycle; hypergraph
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Molecular descriptors of heteratomic and multiple
bonds molecules

Petra Žigert Pleteršek (petra.zigert@um.si)
University of Maribor, Slovenia

Hydrocarbons are in general modelled with simple graphs but in the
case of unsaturated hydrocarbons with multiple bonds there is some
ambiguity in modelling such graphs, and consequently in the calculation
of topological indices or molecular descriptors. We introduce different
models for representing such molecules with an edge-weighted graphs
and calculate the Wiener index. The regression analysis on the obtained
weighted Wiener indices is performed regarding the prediction of boiling
points of alkenes and alkadienes.

Vertex-weighted graphs are used to model corrosion inhibitors which
are heteroatomic molecules. Various topological indices of these mole-
cules are calculated and compared with theirs experimentally measured
corrosion inhibition effectiveness. In the regression analysis the best
predictors of corrosion inhibition effectiveness are obtained.

Joint work with Simon Brezovnik, Matjaž Finšgar, Slavko Radenković,
Izudin Redžepović, and Niko Tratnik.

Keywords: molecular descriptor; topological index; Wiener index; un-
saturated hydrocarbon; corrosion inhibition effectiveness
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