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Definition 1.1. A function v € C(R4,R) oscillates if u has arbitrarily
large zeros, 1. e., for all t; > 0 there exists to > ¢, with u(ts) = 0.
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w € ® and all x € X. We call T weakly oscillating if it oscillates with
respect to X'.



Definition 1.1. A function v € C(R4,R) oscillates if u has arbitrarily
large zeros, 1. e., for all t; > 0 there exists to > ¢, with u(ts) = 0.

Definition 1.2. {Weak oscillation of Cy—semigroups). A strongly
continuous semigroup 7' on a Banach space X oscillates with respect to a
subset ® of X' if {p,T(-)z) oscillates (in sense of Definition 1.1) for all
w € ® and all x € X. We call T weakly oscillating if it oscillates with
respect to X'.

Proposition 2.1. (Necessary condition for weak oscillation). Let
(A, D(A)) be the generator of a strongly continuous semigroup T on a Ba-
nach space X and let ® be a subset of X' such that

(1) ® separates the points of X.

If T weakly oscillates with respect to ®, then Pa(A)NR = .



0@, 4) = {(#,) : ¢ € B, € X, limin e (i, RO\, A)a) = oo for all o € R}.

(Theorem 2.2. Sufficient condition for weak oscillation). Let (A, D(A))
be the generator of a strongly continuous semigroup T" on a Banach space
X and let @ be a subset of X'. If

(3) c(A)NR =0, and if
(4) (@, T(-)x) oscillates for each (p,z) € O(P, A),

then T weakly oscillates with respect to P.



Journal of Differential Equations 180, 171-197 (2002) ®
doi:10.1006/jdeq.2001.4051, available online at http: //www.idealibrary.com on | [} E }l

Oscillation Theory of Linear Systems

Jacek Tabor

Institute of Mathematics, Jagiellonian University, Reymonta 4 st., 30-059 Krakow, Poland
E-mail: tabor@im.uj.edu.pl

Received August 3, 2000



DerFINITION 1.1. We say that a function f: T, — R strongly oscillates if
for every te T, such that f(¢)# 0 there exists se€ [,,s>¢ such that

f(s) (1) <0.

DEeFINITION 1.2. A function f: T, — X strongly oscillates if for every
& € X™ the function & o f: T, — R strongly oscillates.
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A wedge V is called a cone if V n —V = {0}.
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THEOREM 2.1. Let T: T x X — X be a linear semidynamical system. Let
x € X. Then x € X strongly oscillates if and only if

—x € wedge(orby(x)). (6)



THEOREM 3.1. Let Ae ¥ (X) be such that
c(A)n R, =J.

Then every point of X strongly oscillates in the discrete semidynamical
system generated by A.

COROLLARY 3.1. Let T be a uniformly continuous semigroup and let
Ae L(X) be its generator. If 6(A) N R = (& then every point in X strongly
oscillates.



THEOREM 4.1. Let T be a strongly continuous semigroup and let A denote
its generator. We assume that o(A) N R = . Then there exists a residual
subset S of X such that every point of S strongly oscillates.
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THEOREM 4.2. Let T be a strongly continuous group and let the generator
A of T satisfy a(A) n R= . Then every point of X strongly oscillates.



DerINITION 4.1. Let f: R, — R. We say that f is integrally small if

lin‘:D J: £(¢) e dt exists for every k € R.

THEOREM 4.3. Let T be a strongly continuous semigroup and let A be the
generator of T. We assume that

g(A)NnR=¢.

Let xe X and & € X™ be such that E(T(-) x) is eventually nonnegative. Then
x is E-integrally small.

¢ o f is integrally small
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Definition 1.1. We say that a number M > 0 is a strong oscillation length for a
numerical function ¢ € L, (R) if the following alternative holds: either g(7) =0
almost everywhere, or for any interval J with |J| > M, we have

meas{t € J, f(t) >0} >0 and meas{teJ, (1) <0} >0.
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u” + Au(t) = 0,

Proposition 1.2. Under the above conditions on H, V and A, for any solution
ue C(R,V)nCHR,H) of (1.1) and for any { € V', the function g(t) = {{,u())
has some finite strong oscillation number M = M (u, ().



Proposition 2.1. Let {/,},_y be the sequence of eigenvalues of A repeated accord-
ing to multiplicity and setting u, ‘= {).,I}U * assume that

T:2xzi<oo

n I

Then for any solutionu € C(R, V) n CY(R, H) of (1.1) and any { € V', the function
g(t) = { u(t)) has a strong oscillation length equal to T.



Oscillation is robust under small perturbations



Thank you
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