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S ymme Erie cones

A symwmetric cone C is the interior of a solid closed
cone C in a ﬂfih&e A i, mmerwproc&u&& space (V,{(-,-))

such Ethak

1. Aut(C) acks %ramsaﬁvﬂj on C,
2. C is self dual.

Koecher-Vinberg: Symmetric cones are precisely the
interiors of the cones of squares in Euclidean Jordan
algebras



bras

Euclidean Jordan alge

A Euclidean Jordan algebra is an Lv\v\@.r*proc{w:&
space (V,{(+,:)) with a commutative bilinear praduc:%
xey, such that

xe(xey)=xe(x*0y) and (xey,2) = (y,x2)

Herm(n, C), = {A € Herm(n,C): A positive definite} and
|
A+B=_(AB+BA)



Rastecs 1

The inkerior of the cone C = {x*: x € V} consists of
the invertible squares and contains the unit u.

Every x € V has a spectral d@.ﬁampos&mm X = Z A.p;,
=4
where the p's are orthogonal primitive E;ci@.m[pc)%eu&s wikth
i =T T Dy

14 ]

o(x) = {4y, ..., 4,} is the spectrum of x, tr(x) =4, + -+ + 4
ok MG
Fuhctional calculus, e.q., e' = e’llpl + .- + e’lrp,,
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Rasies 2

For x € V the quadratic representation Q,: V-V is
qiven bfj O.(y)=2xe(xey)— Yasa,
1 x is nverible, then O € Aut(C)

Jordan, Von Neumann, Wigner: There are § simple
Euclidean Jordan algebras,

Sym(n, R) $or n > 3
Herm(n, C) for n > 3
Herm(n, H) for n > 3
R x R"! for n>1 (SF?EM factor)
Herm(3,0) exaep%wmat one




Riemannian skructure

A svmm&rw cone C has a Riemannian disktance

di(x,y) = [[10g @ -nylly = ( ), (D)D", where z =1og O, iy
=1

dp(x,y) = Inf L(y), where
|

L(y) = I (7' (©), Q17 (1)) '*dt
0
inf over piecewise C'-paths y with y(0) = x and

y(l1) =y



Q.= {x e C: det(x) = 1)

¢ is a complete
qeodesic submanifold,

hewnce also has a
Riemahnnian skructure

vaerba-i.w plane L5 10 Ry,
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These are Sjmmeﬁrw spaces, so for @.Q«tk x € C there
exists an isometry 5,0 C — C such that sy =1d and x is
an isolated fixed point 0{: S

Symmetries, 5(y) = 0y}

Herm(n,C), = {A € Herm(n,C): A positive definite]
torrés[zmmds te GL(n, C)/U(n)

Qpermn,c) €OTresponds to SL(n, C)/SU(n)



Finsler distance

Finsler distance dp on manifold M is length metric,

1

dp(x,y) is infimum of lengths, L(y) = J 1Y (DIl dt
0

over all plecewise 1 lwfnaéhs y: [0,1] > M wikh
y(0) =x and y(1) =y



For x €V and ye€ C lek M(x/y) =mf{f € R: x < fy} and
m(x/y) = supf{a € R: ay < x}.

Svmmeérm cones: M(x/y) = M(Q,-1nx/u) = max o(Q,-1nx)
and
m(x/y) = m(Qy_mx/ 1) = min G(Qy_mx)

T kampsam mebric, d(x,y) = max{logM(x/y),log M(y/x)}

On Q, Hilbert mekbric, dy(x,y) = log M(x/y) + log M(y/x)



Thompson metric: For x € C the norm in 7.C 2V,

|z|l, = 1nt{A: —Ax £ 7 £ Ax} = max{M(z/x), M(—2z/x)}

Hilbert metbric: For u € Q- the norm in
I'Q-={zeV:tr(z) =0} is given bv
2|, = M(z/u) — m(z/u) = diam o(z)

For general x € (¢ the tangent space is given bfj
O.(T Qr) and equﬁpped wikh norm

|Z|x g |Qx—1/2Z|u
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Compa&&f&aa&&oms of momc:ompac% -, svmmeﬁra ha
spaces is a rich subjec

f Satalke &ompa&&f&&a&oms
2. Furstenberg compactifications
3, Martin compactifications

Satalke &ompa&&ﬂf&&a&oms and Martin
ﬂompacﬁﬂfma&mms can be realised as horofunction
aampa&&{&aaﬁams under suitable Finsler distances

Haettel, Schilling, Walsh, Wienhard



Horofunction aomgac&ﬂfi&a&mm

(M, d) a metric space, fix basepoint b € M

C(M) space of continuous functions f: M - R
equipped with top. of pointwise convergence

Lip,(M) set of 1-Lipschitz functions f in C(M)
with (b)) =0, is a aampaaﬁ subsek

For y € M Llet h(x) = d(x,y) — d(b,y)
11y € M — h, € Lip,(M)



Horofunction aomPacRﬂficaﬁom

M" =1(M) is a &ompaa& sel, which is called the
horofunction ﬁompaa‘&&«ta&mm of M

oM" = 1(M))\i(M) is called the korobouv\c{arv and iks
elements are called horofunctions

1f (M,d) is a proper geodesic metric space, then /i is a
horofunction iff there exists a sequence (y") in M with
diy",b) —> co and Ry = h



Horofunctions

For (C,d;) we have horofunctions,

h(x) = max{log M(y/x),log M(z/x~ 1)},
where v,z € C wikth max{||y|| ,llzll,} =1 and yez=0.
(1f y=0 or 2=0, we omit the c:orrmpomai&%g term)

For (Q, dy) we have horofunctions,

h(x) = log M(y/x) + log M(z/x™")

where y,7 € 0C with ||y|l, = Lllzll,=1 and yez =0
L. Lilng, Nussbaum, Wortel 2. Anal. Math 201¥%



Creomebr :j Oﬂf horo b oundar 3

~OT horwfum&mhs h and h' we sy that h ~ K Eff

sup [A(x) —h'(x)| < 0.
xeM

This gives a partition of the horaboumdarv ko
equivalence classes.

Can we describe the global topology and geometry of
the horofunction aompa&&f&caﬁmm i concrete way?

Yes, we can view it as the dual unit ball of the
Fisler horm th the tangent space ab u



£ ‘ﬂ utvalence classes ”f() r Thom F’S o metric

v,w € C are comparable if there exist 0 < a < f such
that av < w < v,

h(x) = max{log M(y/x),log M(z/x~ ")}
and
h'(x) = max{log M(y'/x),log M(z'/x~ ")}

are equivalent Uty is aom[zmrabte to V' and
Z is comparable to 7



= q utvalence classes “fO r Hil b ert metbric

h(x) = logM(y/x) + log M(z/x™ Y
and
h'(x) = logM(y'/x) + log M(z’/x_l)

are equivalent Uty is comyarabte to V' and
7 is tamParabL@. by 7,



Dual ball for C

The dual space of an order-unit space V is a base
norm space, with unik ball B = conv(S(V) U —=5(V)).

Here S(V) =y € V¥: y(u) =1} is state space.

Using x EV > (-,x) € V* we identify V* with V.

Closed boundary faces of B C V are sets of the form

F,, = conv((Q,(V) N S(V)) U (Q,(V) N =S(V))

where p and g are distinet orthogonal &d@.mFoﬁamﬁs‘

Edwards and Rubkimanin



Howieomor F’-‘kiﬁ’:m Pr. 6 h — D }k

1

Pr(X) = Bl for x € C
tr(x + x—1)
pr(h) = ——— for h(x) = max{log M(y/x), log M(z/x™")},
tr(y + 2)

LS Q& komeamarph&sm which nmaps [h]| onto relint Fp,qq



Dual ball for Q.

What does dual ball B;’; looke Like for Q.7

Tangent space T, = lze V:tr(z) =0} with norm
|z| = diam o(z)

BIj =2convS(V)u=S(V))nT,



; —/;
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X x‘l

tr(x) # tr(x—1)

Y E ¢
tr(y) tr(z)

ph) = for h(x) = log M(y/x) + log M(z/x™")

LS a komeomorgh&sm which maps [h] ownko
relint2F, NT,.
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For «which Momaampa&% %wzoe svmmeﬁrw spaces X wikh

ivariant Finsler mebric dr is the horofunction
&Qmpat&fma&om naturally homeomorphic to the dual
unit ball of the Finsler norm in the tangent space?

For which finite dimensional normed spaces is the
horofunction aampa&&{iaa&wm naturally

homeomorphic to the closed dual unik ball?
(Kapovich & Leeb, Geom&Top. 201%)
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