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Diagonal argument : An idea of Cantor

@ This talk is devoted to the

Diagonal process

@ We formulate a concrete statement for it.
@ We generalize it for nets by giving

@ a constructive countable version;
@ a general version.

@ We provide some applications

@ New short proofs
@ Answers to some open questions
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The statement

Let (x,) be a sequence in (a nonempty set) E and (Py), N @ Sequence of
properties.
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The statement

Let (x,) be a sequence in (a nonempty set) E and (Py), N @ Sequence of
properties. We assume that

@ each property Py is preserved under passing to eventual subsequences.
@ for each k and for each subsequence (y,) of (xn) there is a further
subnet (z,) satisfying P.
Then there is a subsequence (z5) of (x,) satisfying all properties
Pk
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Some definitions : Nets and subnets

Definition

AnetinasetSis a map

A— S:iar— xy (A is a directed set).
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Some definitions : Nets and subnets

Definition

AnetinasetSis a map

A— S:iar— xy (A is a directed set).

o We just write (Xz),cp -
@ A is directed means that A is equipped with a binary relation
(preorder) < such that

Q x<x
Q@ x<yandy<z = x<z
Q Vo, pc A= Jy:y>aandy>p.
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The diagonal process : countable case

Let (xx),ca be a net in (a nonempty set) E and (Py), o @ sequence of
properties. We assume that

@ each property Py is preserved under passing to eventual subnets.
@ for each k and for each subnet (yg)
subnet satisfying Pj.

Then there is a subnet (zp) of (x,) satisfying Py for all k.

seg Of (xa) there is a further
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Denote by x = x® = (xy),c4 the initial net.
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Denote by x = x® = (xy),c4 the initial net.

@ By our assumptions that there is a sequence x" of subnets of x such
that

Q X" = (x‘,’Zn)a cA satisfies Ph;
@ x" is a subnet of x" 1.

. —1
° A — A1, X =X :
For some cofinal maps ¢, : A, An-1, Xy, Xo (an)
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Denote by x = x® = (xy),c4 the initial net.

@ By our assumptions that there is a sequence x" of subnets of x such

that
n __ n B o
Q X" = (Xt’én)a,,eA,, satisfies Ph;
@ x" is a subnet of x" 1.
. . n _ n—1
@ For some cofinal maps ¢, : A, — A,_1, X = X ()"

@ The subnet x" satisfies Py for 1 < k < n.
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The expected subnet.
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The expected subnet.
@ Let B be the set of all B of the form

B = (Bg: By Br) € Ao X Ar X ... X Ay,

where k € IN; Bi_i=o:(B;). 1<i<k.
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Proof.
The expected subnet.
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Proof.
The expected subnet.

@ Let B be the set of all B of the form

B = (Bg: By Br) € Ao X Ar X ... X Ay,

where k € IN; Bi_i=o:(B;). 1<i<k.
@ B is ordered as follows :

(ﬁo.ﬁl. ---.ﬁp) < (Y0710 7)) ©p<qgand B; <y for0<i<p

(B, =) is directed.

(1)
Q)= (yﬁ)ﬁeB is a subnet of (x,) via the cofinal map

¢:B— A (/50431:---'.3,3) — Byo-
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Proof.
The expected subnet.

@ Let B be the set of all B of the form

B = (Bg: By Br) € Ao X Ar X ... X Ay,

where k € IN; Bi_i=o:(B;). 1<i<k.
@ B is ordered as follows :

<ﬁ0vﬁ1v ---vﬁ,;) < (Yo 110 7g) €@ p<qand B, <7 for 0<i<p

Q (B,=) is directed.
Q)= (yﬁ)ﬁeB is a subnet of (x,) via the cofinal map

¢:B— A (/50431:---'.3,3) — Byo-

@ To conclude see that y is an eventual subnet of x" , Vn.
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Applications

Simple proofs of some known results

Theorem (Tychonoff Theorem, countable product)

A countable product of compact spaces is compact.

Theorem (Banach-Alaoglu Theorem, separable case)

If a Banach space X is separable then the unit ball Bx« of X* is weakly*
compact.
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Applications : un compact operators

The following Theorem answers a question of M. Kandi¢, M. Marabeh,
V.G. Troitsky.
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Applications : un compact operators

The following Theorem answers a question of M. Kandi¢, M. Marabeh,
V.G. Troitsky.

Let E be a Banach space and X a Banach lattice. Then the set Ky, (E, X)
of all un-compact operators from E to X is a closed subspace of L (E, X) .
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Diagonal process : The general case

Let (xx),c be a net in some space X and consider a family of properties

(P;). W’e assume that

Q every property ‘P; is preserved under passing to eventual subets.
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Diagonal process : The general case

Let (xx),c be a net in some space X and consider a family of properties
(P;). W’e assume that
Q every property ‘P; is preserved under passing to eventual subets.

@ for each i every subnet of (x,) has a further subnet satisfying
property P;
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Applications : Short and neat proofs

We present here very short proofs of some classical results.

Theorem (Tychonoff)

The product of compact spaces is compact.
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Applications : Short and neat proofs

We present here very short proofs of some classical results.

Theorem (Tychonoff)

The product of compact spaces is compact.

Let X = [T Xi, Xi compact and (fy) be a net in X.
iel

@ As X; is compact every subnet of f, (i) has a convergent subnet in X;.
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We present here very short proofs of some classical results.
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The product of compact spaces is compact.

Let X = [T Xi, Xi compact and (fy) be a net in X.
iel

@ As X; is compact every subnet of f, (i) has a convergent subnet in X;.

e By the Diagonal Process (f,) has a subnet (gg) such that gg (/)
converges for all / € /.
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Applications : Short and neat proofs

We present here very short proofs of some classical results.

Theorem (Tychonoff)

The product of compact spaces is compact.

Let X = [T Xi, Xi compact and (fy) be a net in X.
iel

@ As X; is compact every subnet of f, (i) has a convergent subnet in X;.

e By the Diagonal Process (f,) has a subnet (gg) such that gg (/)
converges for all / € /.

@ We are done.
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Applications : Short and neat proofs

Theorem (Banach-Alaoglu)

Let X be a Banach space. Then the unit ball Bx~ is weak* compact.

Proof.
Let (fy) be a net in Bx-.

@ Then for every x € E, every subnet of (f,) has a subnet gp such that
gp (x) converges.
Q It follows that (f) has a subnet gg which converges pointwise on E.

Q Its pointwise limit is linear and |g (x)| < ||x||. So g € Bx+ and we
are done.
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Applications : New proofs

Theorem (Ascoli)

Let A be a subset of C (X), X compact. Assume that A is
equicontinuous, bounded and closed. Then A is compact.
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Applications : New proofs

Theorem (Ascoli)

Let A be a subset of C (X), X compact. Assume that A is
equicontinuous, bounded and closed. Then A is compact.

Theorem (Schauder)

If T: X — Y is compact then T* is compact.

Theorem (Schauder)

If T : X* — Y™ is compact then T is compact.
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Two kinds of order convergence

° Xy — x dyg L 0: VBIag e > ap = [xp — x| < yp
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Two kinds of order convergence

° Xy — x dyg L 0: VBIag e > ap = [xp — x| < yp
° xy 5 x dz, | 0 |xy — x| < 2z for @ > ag.

Let X be a vector lattice

01 o
QO xy, — x=— x, — Xx.
o . o1 .
Q xy — x in X <= x, — x in X°.

Q0 = — > ifX is dedekind complete.
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Two kinds of order convergence

° Xy — x dyg L 0: VBIag e > ap = [xp — x| < yp
° xy 5 x dz, | 0 |xy — x| < 2z for @ > ag.

Let X be a vector lattice

01 [e]
QO xy, — x=— x, — Xx.
o . o1 .
Q xy — x in X <= x, — x in X°.

Q0 = — > ifX is dedekind complete.

What's new?

Let (xy) is a net in a vector lattice X.
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An other application

The following answers a question of Taylor.

Let (X, T) be a Hausdorff locally solid vector lattice.

@ T has the o-Lebesgue property iff it has the o1-Lebesgue property.
@ T has the uo-Lebesgue property iff it has the uo;-Lebesgue property.
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