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To start

Diagonal argument : An idea of Cantor

This talk is devoted to the

Diagonal process

We formulate a concrete statement for it.

We generalize it for nets by giving

1 a constructive countable version;
2 a general version.

We provide some applications

1 New short proofs
2 Answers to some open questions
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The statement

Theorem
Let (xn) be a sequence in (a nonempty set) E and (Pk )k2N a sequence of
properties.

We assume that
1 each property Pk is preserved under passing to eventual subsequences.
2 for each k and for each subsequence (yn) of (xn) there is a further
subnet (zn) satisfying Pk .
Then there is a subsequence (zθ) of (xα) satisfying all properties
Pk .
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Some de�nitions : Nets and subnets

De�nition
A net in a set S is a map

A �! S : α 7�! xα (A is a directed set).

We just write (xα)α2A .

A is directed means that A is equipped with a binary relation
(preorder) � such that

1 x � x
2 x � y and y � z =) x � z .
3 8α, β 2 A =) 9 γ : γ � α and γ � β.
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The diagonal process : countable case

Theorem
Let (xα)α2A be a net in (a nonempty set) E and (Pk )k2N a sequence of
properties. We assume that

1 each property Pk is preserved under passing to eventual subnets.
2 for each k and for each subnet

�
yβ

�
β2B of (xα) there is a further

subnet satisfying Pk .
Then there is a subnet (zθ) of (xα) satisfying Pk for all k.
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The proof

Proof.
Denote by x = x0 = (xα)α2A the initial net.

By our assumptions that there is a sequence xn of subnets of x such
that

1 xn =
�
xnαn
�

αn2An satis�es Pn ;
2 xn is a subnet of xn�1.

For some co�nal maps ϕn : An �! An�1, xnαn = x
n�1
ϕn(αn)

.

The subnet xn satis�es Pk for 1 � k � n.
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Proof.
The expected subnet.

Let B be the set of all β of the form

β = (β0, β1, ..., βk ) 2 A0 � A1 � ...� Ak ,

where k 2 N; βi�1 = ϕi (βi ) , 1 � i � k.
B is ordered as follows :�

β0, β1, ..., βp

�
4
�
γ0,γ1, ...,γq

�
, p � q and βi � γi for 0 � i � p.

1 (B,4) is directed.
2 y =

�
yβ

�
β2B is a subnet of (xα) via the co�nal map

ϕ : B �! A;
�

β0, β1, ..., βp

�
7�! β0.

To conclude see that y is an eventual subnet of xn , 8n.
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Applications

Simple proofs of some known results

Theorem (Tychono¤ Theorem, countable product)
A countable product of compact spaces is compact.

Theorem (Banach-Alaoglu Theorem, separable case)

If a Banach space X is separable then the unit ball BX � of X � is weakly*
compact.
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Applications : un compact operators

The following Theorem answers a question of M. Kandíc, M. Marabeh,
V.G. Troitsky.

Theorem
Let E be a Banach space and X a Banach lattice. Then the set Kun (E ,X )
of all un-compact operators from E to X is a closed subspace of L (E ,X ) .
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Diagonal process : The general case

Theorem

Let (xα)a2A be a net in some space X and consider a family of properties
(Pi ) .W�e assume that

1 every property Pi is preserved under passing to eventual subets.

2 for each i every subnet of (xα) has a further subnet satisfying
property Pi
Then there is a subnet �uβ

�
of (xα) satifying all properties Pi .
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Applications : Short and neat proofs

We present here very short proofs of some classical results.

Theorem (Tychono¤)
The product of compact spaces is compact.

Proof.
Let X = ∏

i2I
Xi , Xi compact and (fα) be a net in X .

As Xi is compact every subnet of fα (i) has a convergent subnet in Xi .

By the Diagonal Process (fα) has a subnet
�
gβ

�
such that gβ (i)

converges for all i 2 I .
We are done.
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Applications : Short and neat proofs

Theorem (Banach-Alaoglu)

Let X be a Banach space. Then the unit ball BX � is weak* compact.

Proof.
Let (fα) be a net in BX � .

1 Then for every x 2 E , every subnet of (fα) has a subnet gβ such that
gβ (x) converges.

2 It follows that (fα) has a subnet gβ which converges pointwise on E .
3 Its pointwise limit is linear and jg (x)j � kxk . So g 2 BX � and we
are done.
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Applications : New proofs

Theorem (Ascoli)

Let A be a subset of C (X ) , X compact. Assume that A is
equicontinuous, bounded and closed. Then A is compact.

Theorem (Schauder)

If T : X �! Y is compact then T � is compact.

Theorem (Schauder)

If T : X � �! Y � is compact then T is compact.
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Two kinds of order convergence

xα
o�! x : 9yβ # 0 : 8β9αβ : α � αβ =) jxα � x j � yβ

xα
o1�! x : 9zα # 0 : jxα � x j � zα for α � α0.

Theorem
Let X be a vector lattice

1 xα
o1�! x =) xα

o�! x .
2 xα

o�! x in X () xα
o1�! x in X δ.

3
o�! () o1�! if X is dedekind complete.

What�s new?
Theorem

Let (xα) is a net in a vector lattice X .

1 If xα
o�! x then yγ

o1�! x for some subnet (yγ) of (xα) .

2 If xα
uo�! x then yγ

uo1�! x for some subnet (yγ) of (xα) .

In the proof of 2. we use the diagonal process.
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An other application

The following answers a question of Taylor.

Theorem

Let (X , τ) be a Hausdor¤ locally solid vector lattice.

1 τ has the o-Lebesgue property i¤ it has the o1-Lebesgue property.
2 τ has the uo-Lebesgue property i¤ it has the uo1-Lebesgue property.
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Thank you
for your attention
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