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Different modes of order convergence on posets

Definition 1 (Different modes of order convergence)

Let (x,)yer be a net and x a point in a poset P.

@ (Xy)yer is said to Oj-converge to x in P if there exist two nets
(Yy)ver: (2y)yer in P such that eventually y, < x, < z,,
yy Txand z, | x.

@ (Xy)yer is said to Op-converge to x in P if there exists a
directed subset M C P, and a filtered subset N C P, such that
VM = AN = x, and for every (m,n) € M x N the net is
eventually contained in [m, n].

@ (Xy)yer is said to Oz-converge to x in P if there exist two
subsets M and N of P such that VM = AN = x, and for every
(m,n) € M x N the net is eventually contained in [m, n].
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Different modes of order convergence on posets

For a net (xy)yer in a poset P,

0] (0] o)
Xy =X = Xy —X = Xy —2 X (x € P).

Every eventually constant net is Oj-convergent to its eventual
value.

Every cofinal subnet of an O;-convergent net is O;-convergent to
the same limit (where i € {1,2,3})

When (xy),er is a net in a Dedekind complete lattice, the
expression ‘(xy)er is Oj-convergent to x' conveys the intuitive
meaning

liminfx, = x = limsupx,.
v v
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Different modes of order convergence on posets

The following example shows that, even when the poset is a
Boolean algebra or a Banach lattice, O»-convergence does not
imply O;-convergence.
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Different modes of order convergence on posets

Example 2 (Fremlin)

Let X be an uncountable set, & the cofinite filter in X and < the
Boolean algebra of all finite or cofinite subsets of X. Let (x,) be a
sequence of distinct elements of X and A, := {x,}.

Clearly, 2 | 0 in <7, and therefore (A,) Oz-converges to (). On the
other-hand, any O1-conv. seq. in & is eventually constant.
Endow X with the discrete topology and let Xy be the one-point
compactification of X, i.e. Xo = X U {o0}, equipped with the
topology .7 := 2X U &, where 9 := {D U {0} : D € Z}. Then
(xp) pes +0in C(Xo,R) and therefore xa, Oz-converges to 0.
On the other-hand, if f € C(Xp,R) and 7(x) > 1 holds on an
infinite subset of Xg then, for every € > 0, there exists D € Z s.t.
f(x) >1—¢eon D. So, if (gn)nen is a decreasing sequence in
C(Xo, R) satisfying xa, < g, for every n € N, then the zero
function cannot be the infimum of (gn)nen. Hence (xa,)nen
cannot be Oj-convergent to 0.

——_— == =

Kevin Abela On different modes of Order Convergence



Different modes of order convergence on posets

This following example shows that in general O3-convergence does
not imply Os-convergence.

Example 3 (E. S. Wolk)

Let A:={a,: ne€ N} and B := {b, : n € N} be two countable
sets and let P:= AU B U{0,1} equipped with the partial order
defined by:

0<x<1(VeP)andx<y & x=ap, y=by (¥Yn<m).

It is clear that P contains no infinite directed (or filtered) set. On
the other-hand, sup A = 1. Thus, the sequence (by)nen is
Os-convergent to 1 but not Os-convergent.
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Different modes of order convergence on posets

For a partially ordered set P, let P be the Dedekind-MacNeille
completion of P and ¢ the order-embedding of P into P.

v
A net (xy)yer in a poset P is said to O°V-converge to x € P if the
net (‘p(XV))yer O-converges to p(x) in P.

@ In a poset, O3-convergence is equivalent to OPM-convergence.

@ In a lattice, Oy-convergence, Osz-convergence and
OPM_convergence are equivalent.
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Different modes of order convergence on posets

Theorem 6 (J. C. Mathews and R. F. Anderson)

In a monotone order separable poset, O»-convergence implies

01 -convergence.
V.

If a net (xy)~er of poset P is O-convergent to x € P, then
(Xy)~yer has a subnet that Oq-converges to x.
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Different modes of order convergence on posets

O A subset X of a poset P is said to be Oj-closed if there is no
net in X O;-converging to a point outside of X for
ie{1,2,3}.

@ The collection of O;-closed sets comprises the closed sets for a
topology, which we shall denote by 7o,(P).

Since O1-convergence is ‘stronger’ than O-convergence, and the
later is yet ‘stronger’ than Os-convergence, it follows that

To3(P) C 7‘02(P) C Tol(P).
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Different modes of order convergence on posets

When P is a Dedekind complete lattice, all three order topologies
are equal; in this case we write 7o (P)

Theorem 8

Let (P, <) be a poset and let P denote its Dedekind-MacNeille
completion.

@ 70,(P) = 70,(P).
Q@ 70,(P) D> 70(P)|p.
@ If P is a lattice, T0,(P) = 70,(P) = 70,(P).

A lattice constructed by V. Olejcek was verified to show that the
inclusion 70,(P) D 70(P)|p can indeed be proper.
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Different modes of order convergence on posets

A function f : P — @, where P and Q are two posets, is said to
preserve O;-convergence if (f(xy))er Oj-converges to f(x) in Q
whenever (x,)er is a net in P that O;-converges to x.

Proposition 9 (AbramovichSirotkin2005)

If T is a linear operator from a Riesz space E into a Riesz space F,
then

T preserves Oj-convergence = T preserves Oy-convergence .

When T is isotone, T preserves O;-convergence if and only if T
preserves Oj-convergence.
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Different modes of order convergence on posets

For f : P — @, we shall compare the following properties:
(1) f preserves O1-convergence (1') f is 70, (P) — 70,(Q) continuous
(2) f preserves Oy-convergence (2')f is 70,(P) — 70,(Q) continuous
(3) f preserves Osz-convergence (3') f is 70,(P) — 70,(Q) continuous

Theorem 10
Let P and Q be two posets and f a function from P into Q.

@ If f preserves Oj-convergence, then f is To.(P) — 70,( Q)
continuous. Moreover, (1') and (2') are equivalent.

@ Iff preserves O1-convergence, then f preserves
O,-convergence. The converse is false.

@ Suppose that f is isotone. Then (1), (1), (2), (2') are
equivalent and (3) implies any of these four conditions.
However none of (1), (1'), (2), (2") implies (3).

@ Suppose that f is isotone, and P and Q are lattices. Then all
the six conditions are equivalent.

= ™ - - =
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Unbounded order convergence on distributive lattices

The notion of unbounded order convergence on Riesz spaces has
received considerable attention. Let us recall that the notion of
unbounded order convergence is an abstraction of almost
everywhere convergence in function spaces.
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Unbounded order convergence on distributive lattices

Definition 11

Let P be a poset and let F C PP. Let i € {1,2}.

@ The net (x,) er is said to FO;-converge to x in P if
(f(xy))~er is Oj-convergent to f(x) for every f € F.

@ A subset X C P is said to be FO;-closed if there is no net in X
that is FO;-converging to a point outside of X.

@ Clearly, x, ﬂx = Xy gx, for every net (xy) er, x in the
poset P, and F C PP.
@ The collection of all FO;-closed (=FO;-closed) subsets of P

forms a topology on P. Denote this topology by 7ro,(P) for
i€ {1,2}.
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Unbounded order convergence on distributive lattices

Let P be a poset and F C PF. If a net (x,)er is FO,-convergent
to x € P, then, (x,)yer has a subnet that FO;-converges to x.

A subset X C P is FO1-closed iff it is FO»-closed.
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Unbounded order convergence on distributive lattices

Let P be a poset and F C PP, Let (Y,T) be a topological space.
For every ¢ : P — Y the following assertions are equivalent:

@ ¢ is Tro(P) — T-continuous;

Q@ /f(xy)yer is FO>-convergent to x in P, then (¢(xy))~er is
convergent to p(x) w.r.t. T;

@ If (xy)yer is FOi-convergent to x in P, then (o(xy))yer is
convergent to p(x) w.r.t. T.
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Unbounded order convergence on distributive lattices

Unbounded order convergence can be generalized for lattices.

Proposition 14

For a lattice L the following statements are equivalent:

@ L is distributive.

@ f,p:x— (xAb)Vais a lattice homomorphism for all
a,belL.

@ gap:Xx— gap(x):=(xVa)Abis a lattice homomorphism
for all a,b € L.

.

Definition 15
In a distributive lattice L, a net (x,)er is said to be unbounded

: : FO, :
Oj-convergent to x (uO;-convergent in short) if x, — x with
F={fst:s,tel, s<t}

Kevin Abela On different modes of Order Convergence




Unbounded order convergence on distributive lattices

Theorem 16

Let (G,+,7) be a commutative {-group. Let

F:={fst:s,tel, s<t}

O; . FO; .
Then x, “=% x iff x,, —=% x, for every net (Xy)~er and x in G.

Let L be a distributive lattice.

@ If a net (xy)yer is uOs-convergent to x € L, then, (xy) er has
a subnet that uO;-converges to x.

(2] Tuol(L) = Tqu(L)'
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Unbounded order convergence on distributive lattices

Corollary 18

Let T be a topology on a distributive lattice L. Then the following
conditions are equivalent:

uO
o X,y 4X = X,y L)X,

uO
o X,y 4X = X,y L)X.
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Let (X, X, 1) be a semi-finite measure space and let L*° denote the

The order topology on L°°

Banach algebra of essentially bounded real-valued functions. We
consider several useful topologies on L*°.

@ The norm topology Too-

Q

the topology of convergence in measure 7,: Every E € ¥
satisfying pu(E) < oo defines an F-seminorm

pe : f = [|f| A xedp on L. The Hausdorff and linear
topology induced by the family {pg : E € X, u(E) < oo} is
the topology of convergence in measure (on sets of finite
measure) and is denoted by 7.

the strong-operator topology o, where 1 < p < oo.

The bilinear form L x L' — R defined by (f,g) — [ fgdu

induces a duality. Amongst the locally convex topologies that
are consistent with this duality, we consider the weak topology
o(L>, [Y) and the Mackey topology T(L>, L) .

= = = =

V.
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The order topology on L°°

Proposition 19

On L the order topology is finer than the strong operator
topology, i.e o, C T0(L™).

Theorem 20

7(L%, LY) is a locally convex-solid and order-continuous
topology.
@ 7(L*®, L) is the finest Hausdorff locally convex and
order-continuous topology on L.
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The order topology on L°°

Let (X, X, n) be a semi-finite measure space.

@ Foreveryl<p<qg< o0

o(L®, LY c op C 0q C T(L®, ') C 7o, and

Ty C Op,

and — unless L is finite-dimensional — all of these inclusions
are proper.

Q@ 7(L®, L) C 7o(L®) C T and To(L>®) = 7o if and only if
L®° is finite-dimensional.

@ If(X,X,p) is o-finite, the restrictions of 7, and To(L>) to
bounded parts of L*° are equal.

Kevin Abela On different modes of Order Convergence



The order topology on L°°

Now we give a sufficient condition for which the topologies

(L) £ (L%, 1Y), ]
For Ac X let L>(A) :=={fxa:f € L>®} and

LY(A) :={fxa:fel} J
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The order topology on L°°

Let Ae X

@ The restriction of (L', L>) to L}(A) is equal to the topology
a(LY(A), L>(A)) arising from the duality (L1(A), L>(A)).

@ The restriction of T(L*®, L) to L°(A) is equal to the topology
7(L%°(A), L1(A)) arising from the duality (L'(A), L>°(A)).

@ The order topology To(L*°(A)) is equal to the restriction of
To(L>®) to L®(A).

If To(L®) = 7(L>, L), then 7o(L*°(A)) = T(L>(A), L(A)) holds
for every A€ ¥
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The order topology on L°°

Theorem 24

Let A € X satisfy ;1i(A) # 0 and such that it contains no p-atoms.
Then 7o(L>) and 7(L>, L) are not equal.
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