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Short introduction
Definitions
Results

PROBLEM: Find ∥Mλ : X → X∥e ,

where X is the Lebesgue
space ℓp, Lorentz space ℓp,q or Marcinkiewicz space ℓp,∞,
Orlicz space ℓM , Orlicz–Lorentz space λM , Nakano space ℓM ,
Cesáro space cesp, Cesáro–Orlicz space cesM , ...

ANSWER: lim sup
n→∞

|λn|.

Voigt’s preprint

J. Voigt, The essential norm of multiplication operators
on Lp(µ), Afrika Matematika 33 (2022).

Schep’s response

A. R. Schep, The essential spectrum, norm, and spectral
radius of abstract multiplication operators, Concrete
Operators 10 (2023).
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Short introduction
Definitions
Results

PROBLEM: Find ∥Mλ : X → X∥e , where X is the Lebesgue
space ℓp, Lorentz space ℓp,q or Marcinkiewicz space ℓp,∞,
Orlicz space ℓM ,

Orlicz–Lorentz space λM , Nakano space ℓM ,
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Short introduction
Definitions
Results

PROBLEM: Find ∥Mλ : X → X∥e , where X is the Lebesgue
space ℓp, Lorentz space ℓp,q or Marcinkiewicz space ℓp,∞,
Orlicz space ℓM , Orlicz–Lorentz space λM , Nakano space ℓM ,
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What about the non-algebraic case?

Find ∥Mλ : X → Y ∥e

T. Kiwerski and J. Tomaszewski, Essential norms of pointwise
multipliers acting between Köthe spaces: The non-algebraic
case, preprint available on arXiv.org.
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Short introduction
Definitions
Results

Function spaces
Essential norms
Pointwise multipliers
Order continuity

Contents

1 Short introduction

2 Definitions
Function spaces
Essential norms
Pointwise multipliers
Order continuity

3 Results
Theorems
Applications

Jakub Tomaszewski Essential norms of pointwise multipliers between distinct Köthe spaces
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Definition: Köthe space

A Banach space X ⊂ L0(µ) is said to be a Köthe space on a
complete σ-finite measure space (Ω,Σ, µ), if

(i) X satisfies the ideal property, that is, if g ∈ X , f ∈ L0(µ)
and |f | ¬ |g |, then f ∈ X and ∥f ∥X ¬ ∥g∥X .

(ii) X has a weak unit, that is, an element f ∈ X such that f > 0

(iii) X has the Fatou property, that is, f ∈ L0(µ), (fn) ⊂ X ,
sup{∥fn∥X : n ∈ N} <∞ and |fn| ↑ |f |, then f ∈ X with
∥f ∥X = sup{∥fn∥X : n ∈ N}

Examples: Lebesgue spaces Lp(µ), Orlicz spaces LM(µ), Lorentz
spaces Λϕ or Lp,q and Marcinkiewicz spaces Mϕ or Lp,∞,
Musielak–Orlicz spaces LM(µ) but not
Morrey–Hardy–Sobolev–Besov–Triebel–Lizorkin spaces, etc.
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complete σ-finite measure space (Ω,Σ, µ), if

(i) X satisfies the ideal property, that is, if g ∈ X , f ∈ L0(µ)
and |f | ¬ |g |, then f ∈ X and ∥f ∥X ¬ ∥g∥X .

(ii) X has a weak unit, that is, an element f ∈ X such that f > 0

(iii) X has the Fatou property, that is, f ∈ L0(µ), (fn) ⊂ X ,
sup{∥fn∥X : n ∈ N} <∞ and |fn| ↑ |f |, then f ∈ X with
∥f ∥X = sup{∥fn∥X : n ∈ N}

Examples: Lebesgue spaces Lp(µ), Orlicz spaces LM(µ), Lorentz
spaces Λϕ or Lp,q and Marcinkiewicz spaces Mϕ or Lp,∞,

Musielak–Orlicz spaces LM(µ) but not
Morrey–Hardy–Sobolev–Besov–Triebel–Lizorkin spaces, etc.

Jakub Tomaszewski Essential norms of pointwise multipliers between distinct Köthe spaces
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Short introduction
Definitions
Results

Function spaces
Essential norms
Pointwise multipliers
Order continuity

Contents

1 Short introduction

2 Definitions
Function spaces
Essential norms
Pointwise multipliers
Order continuity

3 Results
Theorems
Applications

Jakub Tomaszewski Essential norms of pointwise multipliers between distinct Köthe spaces
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Essential norm of operator

Definition: Essential norm

Let X ,Y be a Banach spaces. Denote by K (X ,Y ) ideal of
compact operators acting between X and Y .

By the essential
norm of an operator T : X → Y acting between two Banach
spaces we understand

∥T : X → Y ∥e := ∥T : X → Y ∥L (X ,Y )/K (X ,Y )

= distL (X ,Y )(T : X → Y ,K (X ,Y ))

= inf{∥T − K∥X→Y : K ∈ K (X ,Y )}.
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Definition: Space of pointwise multipliers

Let X and Y be two Köthe spaces defined on the same σ-finite
measure space (Ω,Σ, µ).

The space of pointwise multipliers
M(X ,Y ) is defined as a set

M(X ,Y ) := {f ∈ L0(Ω): fg ∈ Y for all g ∈ X}

equipped with the natural operator norm

∥f ∥M(X ,Y ) = sup
∥g∥X=1

∥fg∥Y .

Every symbol λ ∈ M(X ,Y ) induces multiplication operator
Mλ : X → Y given by

Mλx := λx for x ∈ X
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Short introduction
Definitions
Results

Function spaces
Essential norms
Pointwise multipliers
Order continuity

Definition: Space of pointwise multipliers
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Mλ : X → Y given by

Mλx := λx for x ∈ X

Jakub Tomaszewski Essential norms of pointwise multipliers between distinct Köthe spaces
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Some examples of pointwise multipliers

if 1 ⩽ p < q ⩽∞ then M(Lq, Lp) ≡ Lr , where
1/r = 1/p + 1/q,

and M(Lp, Lq) = {0}.
M(ℓp, ℓq) ≡ ℓr and M(ℓq, ℓp) ≡ ℓ∞.
M(LM , LN) = LN⊖M

M(X ,X ) ≡ L∞(µ) for any Köthe space X .
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Definition: Order continuity

Let X be a Banach function space. We say that f ∈ X is an order
continuous element if

∥f χAn∥X → 0

for any sequence (An) satisfying An ↓ ∅, that is, χAn ↓ 0 as n→∞.

By Xo we denote the subspace of all order continuous elements of
X .
X is called an order continuous space if X = Xo .

(Lp(µ))o = Lp(µ) for 1 ¬ p <∞,
(L∞)o = {0}, but (ℓ∞)o = c0.
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Short introduction
Definitions
Results

Function spaces
Essential norms
Pointwise multipliers
Order continuity

Definition: Order continuity

Let X be a Banach function space. We say that f ∈ X is an order
continuous element if

∥f χAn∥X → 0

for any sequence (An) satisfying An ↓ ∅, that is, χAn ↓ 0 as n→∞.
By Xo we denote the subspace of all order continuous elements of
X .
X is called an order continuous space if X = Xo .

(Lp(µ))o = Lp(µ) for 1 ¬ p <∞,
(L∞)o = {0}, but (ℓ∞)o = c0.

Jakub Tomaszewski Essential norms of pointwise multipliers between distinct Köthe spaces
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Theorem: Essential norm of multipliers acting between Köthe
function spaces

Let X and Y be two Köthe spaces both defined on the same
σ-finite non-atomic measure space (Ω,Σ, µ).

Suppose that either
the space X is order continuous or the space Y is reflexive. Then

∥Mλ : X → Y ∥e = ∥λ∥M(X ,Y ) . (1)

In particular, there are no non-trivial compact multiplication
operators between X and Y .
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Short introduction
Definitions
Results

Theorems
Applications

Theorem: Essential norm of multipliers between Köthe sequence
spaces

Let X and Y be two Köthe spaces both defined on (N, 2N, µ), that
is, on the purely atomic measure space.

Suppose that either the
space X is reflexive or the space Y is order continuous. Then

∥Mλ : X → Y ∥e = lim
n→∞

∥∥∥λχ{n,n+1,...}∥∥∥
M(X ,Y )

.
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Corollary

Let X be an order continuous Köthe sequence space. Then

∥Mλ : X ⟲∥e = lim
n→∞

∥∥∥λχ{n,n+1,...}∥∥∥
ℓ∞

= lim
n→∞

(
sup
m⩾n
|λm|

)
= lim sup

n→∞
|λn|.

Between ideals and ideals

Let X and Y be two Köthe sequence spaces. Suppose that either
the space X is reflexive or the space Y is order continuous. Then

distL (X ,Y )(Mλ : X → Y ,K (X ,Y )) = distM(X ,Y )(λ,M(X ,Y )o).

In particular, the multiplication operator Mλ : X → Y is compact
if, and only if, λ ∈ M(X ,Y )o .
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Theorem: Essential norm of multipliers between general Köthe
spaces

Let X and Y be two Köthe spaces both defined on the same
σ-finite measure space (Ω,Σ, µ).

Let, moreover, Ωc and Ωa denote
the non-atomic and the purely atomic part of (Ω,Σ, µ),
respectively. Suppose that one of the spaces X or Y is reflexive.
Then

∥Mλ : X → Y ∥e
≈max {∥Mλ : X |Ωc → Y |Ωc∥e , ∥Mλ : X |Ωa → Y |Ωa∥e}

with an equivalence involving universal constants only.
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Pitt’s theorem

Every operator from ℓp into ℓq is compact if, and only if,
1 ⩽ q < p ⩽∞ (with the convention that whenever p =∞, then
we are working with c0 instead of ℓ∞), or, pictographically,

L (ℓp, ℓq) = K (ℓp, ℓq)

L. Pitt, A compactness condition for linear operators on function
spaces, J. Operator Theory 1 (1979), 49–54.

Theorem: Pitt’s theorem for pointwise multipliers

Let X and Y be two Köthe sequence spaces. Then every
multiplication operator Mλ acting from X into Y is compact if,
and only if, the space M(X ,Y ) is order continuous.
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Definition: Spaces of analytic functions

Let H (D) be the space of all analytic functions on the unit disc
D := {z ∈ C : |z | < 1}.

With a linear subspace, say H(D), of
H (D) we can associate the space

Ĥ(D) :=
{{

f̂ (n)
}∞
n=0

:
∞∑
n=0

f̂ (n)χn ∈ H(D)
}

of Taylor’s coefficients of functions from H(D), where χn(z) = zn

for z ∈ D and n = 0, 1, 2, ....
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Definition: Fourier multipliers

Let H(D) be a Banach space of analytic function on the unit disc
and Y be a Köthe sequence space.

For λ ∈ M(Ĥ(D),Y ) we define
the Fourier multiplier Mλ : H(D)→ Y as

Mλ : f 7→
{
λn f̂ (n)

}∞
n=0
,

where f =
∑∞

n=0 f̂ (n)χn ∈ H(D).
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Theorem: Essential norm of Fourier multiplier

Let H(D) be a Banach space of analytic function on the unit disc
intermediate between H∞(D) and H2(D), that is, H∞ ↪→ H ↪→ H2.

Moreover, let Y be an order continuous Köthe sequence space.
Then

∥Mλ : H(D)→ Y ∥ess = lim
n→∞

∥∥∥λχ{n,n+1,...}∥∥∥
M(ℓ2,Y )

.

In particular, the Fourier multiplier Mλ : H(D)→ Y is compact if
and only if λ ∈ M(ℓ2,Y )o .
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Then

∥Mλ : H(D)→ Y ∥ess = lim
n→∞

∥∥∥λχ{n,n+1,...}∥∥∥
M(ℓ2,Y )

.

In particular, the Fourier multiplier Mλ : H(D)→ Y is compact if
and only if λ ∈ M(ℓ2,Y )o .

Jakub Tomaszewski Essential norms of pointwise multipliers between distinct Köthe spaces
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Thank you for attention!
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