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@ Voigt's preprint

[§ J. Voigt, The essential norm of multiplication operators
on Lp(p), Afrika Matematika 33 (2022).
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@ Voigt's preprint
[§ J. Voigt, The essential norm of multiplication operators
on Lp(p), Afrika Matematika 33 (2022).
@ Schep’s response
G A R Schep, The essential spectrum, norm, and spectral

radius of abstract multiplication operators, Concrete
Operators 10 (2023).
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Short introduction

What about the non-algebraic case?

Find [My: X — Y|,

@ T. Kiwerski and J. Tomaszewski, Essential norms of pointwise
multipliers acting between Kothe spaces: The non-algebraic
case, preprint available on arXiv.org.
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complete o-finite measure space (2, X, ), if
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complete o-finite measure space (2, X, ), if

(i) X satisfies the ideal property, that is, if g € X, f € Lo(u)
and |f| <|g|, then f € X and ||f|x < |lg]lx-

(i) X has a weak unit, that is, an element f € X such that f >0
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Definition: Kothe space

A Banach space X C Lo(u) is said to be a Kéthe space on a

complete o-finite measure space (2, X, ), if

(i) X satisfies the ideal property, that is, if g € X, f € Lo(u)
and |f| <|g|, then f € X and ||f|x < |lg]lx-

(i) X has a weak unit, that is, an element f € X such that f >0

(iii) X has the Fatou property, that is, f € L%(u), (f,) C X,
sup{||fallx: n € N} < oo and |f,| T |f], then f € X with
Ifllx = sup{lifallx: n € N}
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Definition: Kothe space

A Banach space X C Lo(u) is said to be a Kéthe space on a

complete o-finite measure space (2, X, ), if

(i) X satisfies the ideal property, that is, if g € X, f € Lo(u)
and |f| <|g|, then f € X and ||f|x < |lg]lx-

(i) X has a weak unit, that is, an element f € X such that f >0

(iii) X has the Fatou property, that is, f € L%(u), (f,) C X,
sup{||fallx: n € N} < oo and |f,| T |f], then f € X with
Ifllx = sup{lifallx: n € N}

Examples: Lebesgue spaces L,(1),
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(i) X has a weak unit, that is, an element f € X such that f >0

(iii) X has the Fatou property, that is, f € L%(u), (f,) C X,
sup{||fallx: n € N} < oo and |f,| T |f], then f € X with
Ifllx = sup{lifallx: n € N}

Examples: Lebesgue spaces L,(y), Orlicz spaces Lp(p),
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A Banach space X C Lo(u) is said to be a Kéthe space on a

complete o-finite measure space (2, X, ), if

(i) X satisfies the ideal property, that is, if g € X, f € Lo(u)
and |f| <|g|, then f € X and ||f|x < |lg]lx-

(i) X has a weak unit, that is, an element f € X such that f >0

(iii) X has the Fatou property, that is, f € L%(u), (f,) C X,
sup{||fallx: n € N} < oo and |f,| T |f], then f € X with
Ifllx = sup{lifallx: n € N}

Examples: Lebesgue spaces L,(yt), Orlicz spaces Lp(pt), Lorentz
spaces A\, or L, 4 and Marcinkiewicz spaces M, or L, o,
Musielak—Orlicz spaces Ly (u)
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Definition: Kothe space

A Banach space X C Lo(u) is said to be a Kéthe space on a

complete o-finite measure space (2, X, ), if

(i) X satisfies the ideal property, that is, if g € X, f € Lo(u)
and |f| <|g|, then f € X and ||f|x < |lg]lx-

(i) X has a weak unit, that is, an element f € X such that f >0

(iii) X has the Fatou property, that is, f € L%(u), (f,) C X,
sup{||fallx: n € N} < oo and |f,| T |f], then f € X with
Ifllx = sup{lifallx: n € N}

Examples: Lebesgue spaces L,(yt), Orlicz spaces Lp(pt), Lorentz
spaces A\, or L, 4 and Marcinkiewicz spaces M, or L, o,
Musielak—=Orlicz spaces Ly (p) but not
Morrey—Hardy—Sobolev—Besov—Triebel-Lizorkin spaces, etc.
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Essential norm of operator

Definition: Essential norm

Let X, Y be a Banach spaces. Denote by # (X, Y) ideal of
compact operators acting between X and Y.
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Definition: Essential norm

Let X, Y be a Banach spaces. Denote by # (X, Y) ideal of
compact operators acting between X and Y. By the essential
norm of an operator 7: X — Y acting between two Banach
spaces we understand
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Definitions

Essential norm of operator

Definition: Essential norm

Let X, Y be a Banach spaces. Denote by # (X, Y) ideal of
compact operators acting between X and Y. By the essential
norm of an operator 7: X — Y acting between two Banach
spaces we understand

[T: X =Y =T: X = Ylgxyyrxy
= dist(x,v)(T: X — Y, (X, Y))
=inf{[| T — Kl[x_y : K€ A (X,Y)}
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Let X and Y be two Kothe spaces defined on the same o-finite
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Definition: Space of pointwise multipliers

Let X and Y be two Kothe spaces defined on the same o-finite
measure space (2, X, iu). The space of pointwise multipliers
M(X,Y) is defined as a set

M(X,Y) ={f € Lp(Q): fg € Y for all g € X}
equipped with the natural operator norm

Hf”M(X,Y): sup ||fglly -
lgllx=1
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Definitions

Definition: Space of pointwise multipliers

Let X and Y be two Kothe spaces defined on the same o-finite
measure space (2, X, iu). The space of pointwise multipliers
M(X,Y) is defined as a set

M(X,Y) ={f € Lp(Q): fg € Y for all g € X}
equipped with the natural operator norm

Hf”M(X,Y): sup ||fglly -
lgllx=1

Every symbol A € M(X, Y) induces multiplication operator
My: X — Y given by

Myx = Ax for x € X
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Some examples of pointwise multipliers

e if 1 < p < q<oothen M(Ly,Ly) = L, where
1/r=1/p+1/q,
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Definitions

Some examples of pointwise multipliers

e if 1 < p < q<oothen M(Ly,Ly) = L, where
1/r=1/p+1/q, and M(Lp, Lq) = {0}.
e M(¢p,lq) =4, and
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Definitions

Some examples of pointwise multipliers

if 1 < p<q<oothen M(Lg, Ly) = L,, where
1/r 1/p+1/q, and M(Lp, Lg) = {0}.
M(£p, ¢

0) =L and M(£q,0p) = oo

<
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Definitions

Some examples of pointwise multipliers

e if 1 < p < q<oothen M(Ly,Ly) = L, where
1/r=1/p+1/q, and M(Lp, Lq) = {0}.

o M(lp,Lg) =1, and M({q,0p) = L.

o M(Lm,Ln) = Lyom
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Definitions

Some examples of pointwise multipliers

e if 1 < p < q<oothen M(Ly,Ly) = L, where
1/r=1/p+1/q, and M(Lp, Lq) = {0}.

o M(ly,0q) = £, and M((q, () = loo.

e M(Lm,Ln) = Lnom

o M(X,X) = Loo(p) for any Kdthe space X.
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Definitions

Definition: Order continuity
Let X be a Banach function space. We say that f € X is an order
continuous element if

IfxA,llx — 0

for any sequence (A,) satisfying A, | 0, thatis, xa, | 0 as n — oo.

Jakub Tomaszewski Essential norms of pointwise multipliers between distinct Kéthe s



Function spaces
Essential norms
Pointwise multipliers
Order continuity

Definitions

Definition: Order continuity

Let X be a Banach function space. We say that f € X is an order
continuous element if

IfxA,llx — 0

for any sequence (A,) satisfying A, | 0, thatis, xa, | 0 as n — oo.
By X, we denote the subspace of all order continuous elements of
X.
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Definition: Order continuity

Let X be a Banach function space. We say that f € X is an order
continuous element if

IfxA,llx — 0

for any sequence (A,) satisfying A, | 0, thatis, xa, | 0 as n — oo.
By X, we denote the subspace of all order continuous elements of
X.

X is called an order continuous space if X = X,.

Jakub Tomaszewski Essential norms of pointwise multipliers between distinct Kéthe s



Function spaces
. Essential norms
Definitions B -
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Order continuity

Definition: Order continuity

Let X be a Banach function space. We say that f € X is an order
continuous element if

IfxA,llx — 0

for any sequence (A,) satisfying A, | 0, thatis, xa, | 0 as n — oo.
By X, we denote the subspace of all order continuous elements of
X.

X is called an order continuous space if X = X,.

o (Lo(1))o = Lp(n) for 1 < p < o,
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Definitions

Definition: Order continuity

Let X be a Banach function space. We say that f € X is an order
continuous element if

IfxA,llx — 0

for any sequence (A,) satisfying A, | 0, thatis, xa, | 0 as n — oo.
By X, we denote the subspace of all order continuous elements of
X.

X is called an order continuous space if X = X,.

o (Lp(11))o = Lp(i) for 1 < p < ox,
0 (Lso)o = {0}, but ({so)o = co.
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Theorem: Essential norm of multipliers acting between Kothe
function spaces

Let X and Y be two Kothe spaces both defined on the same
o-finite non-atomic measure space (2, X, u).
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Theorem: Essential norm of multipliers acting between Kothe
function spaces

Let X and Y be two Kothe spaces both defined on the same
o-finite non-atomic measure space (2, X, ). Suppose that either
the space X is or the space Y is reflexive.
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Theorem: Essential norm of multipliers acting between Kothe
function spaces

Let X and Y be two Kothe spaces both defined on the same
o-finite non-atomic measure space (2, X, ). Suppose that either
the space X is or the space Y is reflexive. Then

IMa: X = Yl = IMlx,v) - (1)
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Theorems
Applications

R

Theorem: Essential norm of multipliers acting between Kothe
function spaces

Let X and Y be two Kothe spaces both defined on the same
o-finite non-atomic measure space (2, X, ). Suppose that either
the space X is or the space Y is reflexive. Then

IMa: X = Yl = IMlx,v) - (1)

In particular, there are no non-trivial compact multiplication
operators between X and Y.
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R

Theorem: Essential norm of multipliers between Kothe sequence
spaces

Let X and Y be two Kdthe spaces both defined on (N, 2V, 1), that
is, on the purely atomic measure space.
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Theorem: Essential norm of multipliers between Kothe sequence
spaces

Let X and Y be two Kdthe spaces both defined on (N, 2V, 1), that
is, on the purely atomic measure space. Suppose that either the
space X is reflexive or the space Y is
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Theorems
Applications

R

Theorem: Essential norm of multipliers between Kothe sequence
spaces

Let X and Y be two Kdthe spaces both defined on (N, 2V, 1), that
is, on the purely atomic measure space. Suppose that either the
space X is reflexive or the space Y is . Then

IMy: X = Yo = Jim [[Nxtmner.d |y,
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Theorems

Results Applications

Let X be an Kothe sequence space. Then

[My: X Ofl, = lim ‘AX{n,nJrl,...}HZOO

n—oo

= lim [ sup [Am| | = limsup|A,|.
n—oo \ ;> -
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Applications

R

Let X be an Kothe sequence space. Then

IMy: X Off, = lim HAX{H,nH,...}HZW

n—oo

= lim [ sup [Am| | = limsup|A,|.
n—oo \ ;> -

Between ideals and ideals

Let X and Y be two Kothe sequence spaces. Suppose that either
the space X is reflexive or the space Y is
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Applications

R

Let X be an Kothe sequence space. Then

[My: X O, = lim ‘AX{n,nJrl,...}HZOO

n—oo
= lim (sup |>\m|> = limsup |Ap|.
n—oo \ ;> -

Between ideals and ideals

Let X and Y be two Kothe sequence spaces. Suppose that either
the space X is reflexive or the space Y is . Then

diStg(X7y)(M>\Z X — Y,%(X, Y)) = diStM(X7y)()\, M(X, Y)o).
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Applications

R

Let X be an Kothe sequence space. Then

[My: X O, = lim ‘AX{n,nJrl,...}HZOO

n—oo
= lim (sup |>\m|> = limsup |Ap|.
n—oo \ ;> -

Between ideals and ideals

Let X and Y be two Kothe sequence spaces. Suppose that either
the space X is reflexive or the space Y is . Then

diStg(X7y)(M>\Z X — Y,%(X, Y)) = diStM(X7y)()\, M(X, Y)o).

In particular, the multiplication operator My : X — Y is compact
if, and only if, A € M(X,Y),.
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Results pplications

Theorem: Essential norm of multipliers between general Kothe
spaces

Let X and Y be two Kothe spaces both defined on the same
o-finite measure space (2, X, it).
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Applicati
Results pplications

Theorem: Essential norm of multipliers between general Kothe
spaces

Let X and Y be two Kothe spaces both defined on the same
o-finite measure space (2, X, ). Let, moreover, Q. and Q, denote
the non-atomic and the purely atomic part of (2, X, u),
respectively.
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Theorem: Essential norm of multipliers between general Kothe
spaces

Let X and Y be two Kothe spaces both defined on the same
o-finite measure space (2, X, ). Let, moreover, Q. and Q, denote
the non-atomic and the purely atomic part of (2, X, u),
respectively. Suppose that one of the spaces X or Y is reflexive.
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Theorem: Essential norm of multipliers between general Kothe
spaces

Let X and Y be two Kothe spaces both defined on the same
o-finite measure space (2, X, ). Let, moreover, Q. and Q, denote
the non-atomic and the purely atomic part of (2, X, u),
respectively. Suppose that one of the spaces X or Y is reflexive.
Then

IMy: X — Y|
~max {[|Mx: X|a, — Yla.lle, IMx: X|a, — Ya.ll.}

with an equivalence involving universal constants only.
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Pitt's theorem

Every operator from /,, into {4 is compact if, and only if,
1 < g < p < oo (with the convention that whenever p = co, then
we are working with ¢p instead of /), or, pictographically,

g(gmgq) = ,%/(ép,ﬁq)

L. Pitt, A compactness condition for linear operators on function
spaces, J. Operator Theory 1 (1979), 49-54.

.
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Pitt's theorem

Every operator from /,, into {4 is compact if, and only if,
1 < g < p < oo (with the convention that whenever p = co, then
we are working with ¢p instead of /), or, pictographically,

g(gmgq) = %(ﬁp,ﬁq)

L. Pitt, A compactness condition for linear operators on function
spaces, J. Operator Theory 1 (1979), 49-54.

Theorem: Pitt's theorem for pointwise multipliers

Let X and Y be two Kothe sequence spaces.
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Pitt's theorem

Every operator from /,, into {4 is compact if, and only if,
1 < g < p < oo (with the convention that whenever p = co, then
we are working with ¢p instead of /), or, pictographically,

g(gmgq) = %(ﬁp,ﬁq)

L. Pitt, A compactness condition for linear operators on function
spaces, J. Operator Theory 1 (1979), 49-54.

Theorem: Pitt's theorem for pointwise multipliers

Let X and Y be two Kothe sequence spaces. Then every
multiplication operator M) acting from X into Y is compact if,
and only if, the space M(X, Y) is order continuous.
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Definition: Spaces of analytic functions

Let (D) be the space of all analytic functions on the unit disc
D={zeC: |z|] <1}
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Definition: Spaces of analytic functions

Let (D) be the space of all analytic functions on the unit disc
D:={z e C: |z| <1}. With a linear subspace, say H(D), of
(D) we can associate the space

A(D) = {{?(n)}:‘;o 3 Ama € H(D)}
n=0

of Taylor's coefficients of functions from H(D), where x,(z) = z"
forzeDand n=0,1,2,....

.
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Definition: Fourier multipliers

Let H(D) be a Banach space of analytic function on the unit disc
and Y be a Kothe sequence space.
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Definition: Fourier multipliers
Let H(DD) be a Banach space of analytic function on the unit disc
and Y be a Kothe sequence space. For A € M(H(D), Y) we define
the Fourier multiplier .#Z): H(D) — Y as
~ (e}
My £ Maf(n)}

o~

where f =552 f(n)xn € H(D).
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Theorem: Essential norm of Fourier multiplier

Let H(D) be a Banach space of analytic function on the unit disc
intermediate between Hoo (D) and Ha(ID), that is, Hoo — H — Hb.
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Theorem: Essential norm of Fourier multiplier

Let H(D) be a Banach space of analytic function on the unit disc
intermediate between Hoo (D) and Ha(ID), that is, Hoo — H — Hb.
Moreover, let Y be an Kothe sequence space.
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Theorem: Essential norm of Fourier multiplier

Let H(D) be a Banach space of analytic function on the unit disc
intermediate between Hoo (D) and Ha(ID), that is, Hoo — H — Hb.

Moreover, let Y be an Kothe sequence space.
Then

”%/\: H(D) - YHess = nII_[T;o H)\X{”7n+1"”}HM(£2,Y) ’
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Theorem: Essential norm of Fourier multiplier

Let H(D) be a Banach space of analytic function on the unit disc
intermediate between Hoo (D) and Ha(ID), that is, Hoo — H — Hb.
Moreover, let Y be an Kothe sequence space.
Then

”%/\: H(D) - YHess = nII_[T;o H)\X{”7n+1"”}HM(£2,Y) ’

In particular, the Fourier multiplier .#)\: H(D) — Y is compact if
and only if A € M(42,Y),.
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Thank you for attention!
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