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measurable p(·) : (Ω,Σ, µ) 7→ [1,∞),

Lp(·)(Ω) Variable exponent (or Nakano ) space is the space of all scalar
measurable f. s.t. the modular

mp(·)(f ) =
∫
Ω

|f (t)|p(t)dµ(t)

satisfies mp(·)(f/r) < ∞ for some r > 0

Luxemburg norm

∥f∥p(·) = inf .{r > 0 : mp(·)(f/r) ≤ 1}

1 ≤ p− = ess inf{p(t) : t ∈ Ω} ≤ p+ = ess sup{p(t) : t ∈ Ω} ≤ ∞

Lp(·)(Ω) ( non-symmetric ) Musielak-Orlicz spaces

dual of Lp(·)(Ω) is Lp∗(·)(µ) when p+ < ∞
- Essential range

Rp(·) := {q ∈ [1,∞) : µ(p−1(q − ϵ, q + ϵ)) > 0 ∀ϵ > 0}

Rp(·) is closed ( compact when p+ < ∞)

Rp(·) is a lattice-isometric invariant (P.Poitevin,Y.Raynaud 2.008)
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(gk ) := (
χAk (t)

µ(Ak )
1

p(t)
)

q ∈ Rp(·) ⇐⇒ ℓq is lattice-embedding into Lp(·)(Ω)

Proposition ( F.H., C. Ruiz 2.013)

Lp(·)(Ω) for µ(Ω) < ∞ and p+ < ∞.

- If p− > 2, Lp(·)(Ω) ⊃∼ ℓq ⇐⇒ q ∈ Rp(·) ∪ {2}.

- If 1 ≤ p− ≤ 2, Lp(·)(Ω) ⊃∼ ℓq ⇐⇒ q ∈ Rp(·) ∪ [p−, 2] .

Lp(·)(Ω) has a ℓq-complemented sublattice for q ∈ Rp(·)

orthogonal pojection TA for suitable (Ak )

TA(f )(t) =
∞∑

k=1

(∫
Ak

f (s)

µ(Ak )
1

p∗(s)
dµ(s)

)
χAk (t)

µ(Ak )
1

p(t)
,

1
p(t) +

1
p∗(t) = 1
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(Ω,Σ, µ) non-atomic separable σ-finite measure space
Lp(Ω,Σ, µ) is lattice-isomorphic to Lp((0, 1),B, λ) , 1 ≤ p < ∞

Lp(Ω,Σ, µ) ∼= Lp(0, 1) ∼= Lp(0,∞) ≡ Lp

• there is Orlicz s. Lφ(µ) , µ infinite, non-isomorphic to any Orlicz Lψ(0, 1)

Lxp∧xq
(0,∞) = Lp + Lq(0,∞) , 1 < p < q < 2

there is no Lψ(0, 1) s.t. Lψ(0, 1) ≃ Lp + Lq(0,∞)

Question :

- Can Lp(·)(Ω, µ) µ infinite, be (lattice) represented as v.e. Lq(·)(0, 1) ?

why ?
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Theorem

Lp(·)(Ω, µ) on non-atomic separable σ-finite measure s. (Ω,Σ, µ). There
exists exponent p̂(·) on (0,∞) s,t.

Lp(·)(Ω, µ) ∼= Lp̂(·)(0,∞)

The operator Tϕ : Lp(·)(Ω) → Lp̂(·)(0,∞) Tϕ(f ) := f̂+ − f̂− = f̂ , for
f = f+ − f−, is an isomodular lattice-isomorphism,∫

Ω

|f (t)|p(t)dµ(t) =
∫ ∞

0
|̂f (s)|p̂(s)dλ(s).

proof (hints):
extension of Caratheodory Th. for σ-finite measures
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Theorem (Carathéodory, 1946)

(Ω,Σ, µ) non-atomic separable probability measure space, ((0, 1),B, λ) .
There exists an isomorphism ϕ : Σ/Nµ → B/Nλ preserving measures

λ(ϕ(A)) = µ(A)

m. preserving isomorphism ϕ : Σ/Nµ → B/Nλ, for σ-finite µ

simple S =
∑

n∈∆ anχAn ∈ L0(Ω), Ŝ :=
∑

n∈∆ anχϕ(An), simple in L0(0,∞) .
For 0 ≤ f ∈ L0(Ω), define

f̂ := lim
n→∞

Ŝn

in L0(0,∞), where positive increasing simple Sn ↗ f , since (Ŝn) is also
increasing a.e-λ.
f̂ is well-defined (by Egorov Th.)

this map̂ extends to general measurable f. It is good definition of p̂(·) with
the properties

f̂ + g = f̂ + ĝ
,

f̂ χA = f̂ χϕ(A) f̂ p(·) = f̂
p̂(·)
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Proposition

Every Lp(·)(0,∞) is lattice-isomorphic to a Lq(·)(0, 1) with Rp(·) = Rq(·)

Let τ : (0, 1) → (0,∞) diffeomorphism (f.i. τ(s) = tan(π2 s)).

q(·) : (0, 1) → [1,∞) q(s) := p(τ(s))

∫ ∞

0
|f (t)|p(t)dt =

∫ 1

0
|f (τ(s))|q(s)|τ ′(s)|ds =

∫ 1

0

(∣∣∣f (τ(s))τ ′(s)
1

q(s)

∣∣∣)q(s)
ds.

The operator Tτ : Lp(·)(0,∞) → Lq(·)(0, 1) Tτ f (s) =
∣∣∣τ ′(s)

1
q(s)

∣∣∣ f (τ(s)), is
an (isomodular) lattice-isomorphism.
The inverse operator T−1

τ

(T−1
τ g)(t) =

∣∣∣(τ ′)−1(t)
1

p(t)

∣∣∣ g(τ−1(t)) = (Tτ−1 g)(t).
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Lp(·)(Ω) ≈ Lp̂(·)(0,∞) ≈ Lq(·)(0, 1)

q(s) := p̂(τ(s))

Corollary

Every Lp(·)(Ω) on non-atomic separable σ-finite measure space (Ω, µ) is
(isomodular) lattice-isomorphic to v.e. Lq(·)(0, 1) with Rp(·) = Rq(·).

∫
Ω

|f (t)|p(t)dµ(t) =

∫ 1

0
|f (s)|q(s)dλ(s)
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Applications: structure of Lp(·)(Ω), infinite measure

non-atomic separable σ-finite measure s.(Ω, µ)

Lp(·)(Ω) with p+ < ∞.

- If p− > 2, Lp(·)(Ω) ⊃∼ ℓq ⇐⇒ q ∈ Rp(·) ∪ {2}

- If 1 ≤ p− ≤ 2, Lp(·)(Ω) ⊃∼ ℓq ⇐⇒ q ∈ Rp(·) ∪ [p−, 2] .

Lp(·)(Ω) ( ̸= L1(µ)) do not have positive Schur property

Lp(·)(Ω) weakly Banach-Saks ⇐⇒ p+ < ∞ ⇐⇒ Lp(·)(Ω) is w.s.c.

Lp(·)(Ω) subprojective ⇐⇒ 2 ≤ p− ≤ p+ < ∞

Lp(·)(Ω) superprojective ⇐⇒ 1 < p− ≤ p+ ≤ 2

operator T : Lp(·)(Ω) 7→ Lp(·)(Ω) , p+ < ∞

is strictly singular (or Kato) ⇐⇒ is ℓq-singular for q ∈ Rp(·) ∪ {2}

( L. Weis for Lp-spaces )
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Weak compactness and weak convergence

p+ < ∞ , infinite µ

S ⊂ Lp(·)(Ω) , relatively weakly compact ⇐⇒

lim
λ→0

sup
f∈S

1
λ

∫
Ω\Ω1

|λf (t)|p(t)dµ = 0

lim
An↘∅

sup
f∈S

∫
An∩Ω1

|f (t)|dµ = 0.

Ω1 := p−1{1}

(fn) ⊂ Lp(·)(Ω) weakly converg. f ∈ Lp(·)(Ω) ⇐⇒

(i) limn
∫

A fndµ =
∫

A fdµ for µ(A) < ∞,

(ii) limλ→0 supn
1
λ

∫
Ω\Ω1

|λ(fn − f )|p(t)dµ = 0,

(iii) limAk↘∅ supn∈N
∫

Ak∩Ω1
|fn(t)− f (t)|dµ = 0.
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Some questions:

Fixed q > 2

- Is there Lp(·)(Ω) with µ(p−1{q}) = 0 s.t. Lp(·)(Ω) ⊃∼ Lq ?

- criteria for that ?

- If Lp(·)(Ω) ⊃∼ Lq =⇒ Lq is lattice-embedding into Lp(·)(Ω) ?

( This is true for symmetric function spaces )

- Is always Lp(·)(Ω) ≃ Lp(·)(Ω)
⊕

Lp(·)(Ω) or not ?

( there are Lp(·)(Ω) no lattice-isomorphic to Lp(·)(Ω)
⊕

Lp(·)(Ω))
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THANK YOU VERY MUCH ¡


