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Introductions to maps

Underlying graph: K,
Supporting surface: sphere(S,)
K, =S, (2-cell embedding)

A topological map: a 2 —cell embedding of a graph into a surface.
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Introductions to maps

Underlying graph: K,
Supporting surface: sphere(S,)
K, =S, (2-cell embedding)

A topological map: a 2 —cell embedding of a graph into a surface.

W ~ Several descriptions

1. Drawing


http://www.enchantedlearning.com/math/geometry/solids/Tetrahedron.shtml

2. Combinatorial map: (D;R,L)

D <> arcs(incident vertex-edge pairs) set
R : rotation L : arc-reversing involution
(R, L) acts transitively on D.

1°=1




2. Combinatorial map: (D;R, L) )>L

D <> arcs(incident vertex-edge pairs) set

R : rotation L : arc-reversing involution U

(R, L) acts transitively on D. R L
L°=1

3. Map subgroup

(D:R,L) with o(LR™) =k, o(R) = m (type (k,m)-map) —
T°(k,m,2) = <r,€ | r™ =02 = (0r )" =1> acts on D by x" = x", x" =x"
M = Stab(x) <T°(k,m,2) for some x € D: map subgroup

M: torsion-free subgroup of index | D|.



4. Belyi pair: (X, )

(X, f) 1sa Belyi pair if

1. X is a Riemann surface of genus g for someg > 1.

2.f : X = C is a meromorphic fuction with at most three critical

valus 0, 1 and oo, (C =C U {oo} is the complex Riemann sphere)



4. Belyi pair: (X, )

(X, f) 1sa Belyi pair if

1. X is a Riemann surface of genus g for someg > 1.

2.f : X = C is a meromorphic fuction with at most three critical

valus 0, 1 and . (C =C u{oo} IS the complex Riemann sphere)
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4. Belyi pair: (X, )

(X, f) 1sa Belyi pair if

1. X is a Riemann surface of genus g for someg > 1.

2.f : X = C is a meromorphic fuction with at most three critical

valus 0, 1 and . (C =C u{oo} IS the complex Riemann sphere)
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Introductions to symmetric maps
W " map automorphisms

1. For an orientable map 9t=G — S, a (orientation preserving)
map automorphism is a graph automorphism of G which can be
extended to a (olentation preserving) self-homeomorphism of
the surface S in the embedding.



Introductions to symmetric maps
W " map automorphisms

1. For an orientable map 9t=G — S, a (orientation preserving)
map automorphism is a graph automorphism of G which can be
extended to a (olentation preserving) self-nomeomorphism of
the surface S in the embedding.

2. M=(D;R, L), a map automorphism is
a permutation ¢ of D satisfying that Rgp = ¢R, Lo = ¢L.

*|[Aut" ()| < IDI=2|E| < KR,L)|



Introductions to symmetric maps
W " map automorphisms

1. For an orientable map 9t=G — S, a (orientation preserving)
map automorphism is a graph automorphism of G which can be
extended to a (olentation preserving) self-nomeomorphism of
the surface S in the embedding.

2. M=(D;R, L), a map automorphism is
a permutation ¢ of D satisfying that Rg = ¢R, Lo = gL.
*|Aut" ()| < [DI=2]E| < KR,L)|
One equality holds < both equalities hold < Aut™ (9?t) =(R, L)

In this case, we call 9Jt an orientably regular map or
orientably regular embedding of G.



The set of orientation preserving
automorphism of tetrahedron: =A,
| A, | = 2|E|=12

Tz ’
P .

The set of all (orientation preserving
and orientation reversing)
automorphism: = S,
| S, | = 4|E[=24
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The set of orientation preserving
automorphism of tetrahedron: =A,
| A, | = 2|E|=12

Tz ’
P .

The set of all (orientation preserving
and orientation reversing)
automorphism: = S,
| S, | = 4|E|=24
\_ /

Classification of (orientably) regular maps are pursued
by three different directions: fixed surface,

fixed automorphism group
fixed graph
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Some classification of (orientably) regular map

Complete graph K,
Orientable: James and Jones(1984), nonorientable:Wilson(1989).
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Some classification of (orientably) regular map

Complete graph K,
Orientable: James and Jones(1984), nonorientable:Wilson(1989).

Complete bipartite graph K
Orientable: G. Jones(2010), nonorientable: Kwak and K (2011).

n-cubes Q,,
Orientable: Catalano,Conder,Du,K,Nedela,Wilson(2008).
Nonorientable: K and Nedela (2006).

Complete multipartite graphs K, =K .,

Orientable: Du and Zhang(2012), nonorientable: K.

H(d,n)

Orientable: G. Jones (2010), nonorientable: G. Jones and K(2012).

3 an orientably regular embeddings of G —
G 1s symmetric(arc-transitive).

Q What is the most symmetric embeddings of K = with m = n?



Reflexible edge transitive embeddings of Km,n

Orientably regular embeddings of K <«
n—isobicyclic triples. (G. Jones, R. Nedela, M. Skoviera)

(G, %, y):n-isobicyclic If

(1) G=(xXy) (1) () =(y) = Z,and (x) " (y) ={id}
(ill) 3 @ € Aut(G) interchanging x and y.
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Reflexible edge transitive embeddings of Km,n

Orientably regular embeddings of K <«

n—isobicyclic triples. (G. Jones, R. Nedela, M. Skoviera)

(G, %, y):n-isobicyclic If

(1) G=(xXy) (1) () =(y) = Z,and (x) " (y) ={id}
(ill) 3 @ € Aut(G) interchanging x and y.

<~ r_leAut(K, ) of the following form:
r =o(0', 1, 2, ..., n-1'),1=(0,0Y1,1%(2,2"---(n—-1, n-1"),
such that (0)=0 and [{r_,I) |= 2n°.

X <> I y <> Irl o <> |

reflexible <> (iv) 3 g Aut(G)s.t. x’ =x ", y’=y " < o (k) =-0c(k)



An n-isobicyclic triple (G, x,y) — an orientably regular embedding of K _ :

(1) Vertex set :{g(x) | ge G} u{g(y) | g € G} (as partite set).
(2) Edge set . = G.

(3) The incidence is given by inclusion.

(4) Local rotation at each vertex.



An n-isobicyclic triple (G, x,y) — an orientably regular embedding of K _ :

(1) Vertex set :{g(x) | ge G} u{g(y) | g € G} (as partite set).
(2) Edge set . = G.

(3) The incidence is given by inclusion.

(4) Local rotation at each vertex.

*a(x) b{y)
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An n-isobicyclic triple (G, x,y) — an orientably regular embedding of K _ :

(1) Vertex set :{g(x) | ge G} u{g(y) | g € G} (as partite set).
(2) Edge set . = G.

(3) The incidence is given by inclusion.

(4) Local rotation at each vertex.

gx” gy""
o g o )
0 b{y) = a(y)
a(x) = g{x) J °
o Xn_1 y gyZ

Embedding is defined by (i), (i1) and corresponding embedding is edge transitive.
(i) = orientably regular.
(iv) = reflexible.



Edge transitive embeddings of K <> (m,n)—isobicyclic triples

(G, %,y):(m,n)-isobicyclic if
(1) G=00Cy) (1) () =2, (y) =L, and (X) " (y) ={id}



Edge transitive embeddings of K <> (m,n)—isobicyclic triples
(G, %,y):(m,n)-isobicyclic if
(1) G=0xy) (1) (%) =2, {y)=Z, and (x) N (y) ={id}
< XY, € Aut(K, ) of the following form:
X, =a(0', 1 2', ..., n-1, vy, =40, 1, 2, ..., m-1),
such that «(0)=0, #(0)=0"and |{x_,Y,)|=mn.



Edge transitive embeddings of K <> (m,n)—isobicyclic triples
(G, %,y):(m,n)-isobicyclic if
(1) G=00Cy) (1) () =2, (y) =L, and (X) " (y) ={id}
< XY, € Aut(K, ) of the following form:
X, =a(0', 1 2', ..... ,n-1, y,=p0,1 2, ... , m-1),
such that «(0)=0, #(0)=0"and |{x_,Y,)|=mn.

We call such pair (x,, y,) an admissible pair of K _ |

and denote the corresponding embedding by 9t(x,, Y,).
X <> X, Yy <> Yy



Edge transitive embeddings of K <> (m,n)—isobicyclic triples
(G, %,y):(m,n)-isobicyclic if
(1) G=0xy) (1) (%) =2, {y)=Z, and (x) N (y) ={id}
< XY, € Aut(K, ) of the following form:
x,=a(0', 1, 2, ...,n-1), y,=80,1 2, ... , m-1),
such that «(0)=0, #(0)=0"and |{x_,Y,)|=mn.

We call such pair (x,, y,) an admissible pair of K _ |

and denote the corresponding embedding by 9t(x,, Y,).
X <> X, Yy <> Yy

reflexible & (iii) 3 g Aut(G) s.t. x’ =x*,y'=y ' ©
a ' (-k)=-a(k), B (-t)=-pA(t)

reflexible admissible pair of Ko



4%? [Theorem]

1. For any (reflexible) edge transitive embedding 90t of K |
9N is isomorphic to M(z ,y,) for some

(reflexible) admissible pair (z_,y,) of K .

2. For any admissible pairs (x,,Y,), (X,.,Y;) of K_ ,

M(X,,Y,) =M(X,.Y,) & a=a’, f=7"



4%9 [Theorem]

1. For any (reflexible) edge transitive embedding 90t of K |
9N is isomorphic to M(z ,y,) for some

(reflexible) admissible pair (z_,y,) of K .

2. For any admissible pairs (x,,Y,), (X,.,Y;) of K_ ,

M(X,,Y,) =M(X,.Y,) & a=a’, f=7"

Some observations

1. (z,,y,): admissible pair of K = <
Vgelz,,y,), i€ n],7 €lm]|s.t. g= x;y;} —
VY i en], 3 alz) e n],b(z) € [m] s.t. yﬂx; = :Bz(i)yz(i)

Note that a(i) = - ' (-1) and b(i) = £(i).



4%9 [Theorem]

1. For any (reflexible) edge transitive embedding 90t of K |
9N is isomorphic to M(z ,y,) for some

(reflexible) admissible pair (z_,y,) of K

2. For any admissible pairs (x,,Y;), (X,.,Yz) of K,
M(X,,Y,) =IM(X,,Y,) & a=a’, f=/5".

Some observations
1. (z,,y,): admissible pair of K = <
Vgelz,,y,), i€ n],7 €lm]|s.t. g= x;y;} —
VY i en], 3 alz) e n],b(z) € [m] s.t. yﬂx; = :Bz(i)yz(i)
Note that a(i) = - ' (-1) and b(i) = £(i).

2. (xa,yﬁ): reflexible admissible pair of K = —

a(i) = - '(-1) = &' (1), b(é) = B(i)



3. (z,,y,): reflexible admissible pair of K, d =[{a) |,d, =[{(B) |
— a(k)=-k (mod d.), B(k) = -k (mod d,) =

ak+i) = o™V (k) +al), Bk+i) = BTV (k) + B(i) and

d ,d, | gcd(m,n)



3. (z,,y,): reflexible admissible pair of K, d =[{a) |,d, =[{(B) |
— a(k)=-k (mod d.), B(k) = -k (mod d,) =

ak+i) = o™V (k) +al), Bk+i) = BTV (k) + B(i) and

d ,d, | gcd(m,n)

4%9 [Theorem]

(z,,¥y,): reflexible admissible pair of K = <
(1) o =1id, [ =:d if m, n: odd;
(2) a(k) =kr, k) =k + 1+ (—1)"")s s.t.
(i) r* =1 (mod m),
(i1) the smallest d satisfying 2ds = 0 (mod n) divides gcd(m,n)

if m is odd and n is even;



3. (z,,y,): reflexible admissible pair of K, d =[{a) |,d, =[{(B) |
— a(k)=-k (mod d.), B(k) = -k (mod d,) =

ak+i) = o™V (k) +al), Bk+i) = BTV (k) + B(i) and

d ,d, | gcd(m,n)

4%9 [Theorem]

(aza,yﬂ ): reflexible admissible pair of K B <=
(1) o =1id, [ = id if m, n: odd;
(2) a(k) =kr, (k) =k+ 1+ (=1)"")s s.t.

(i) r* =1 (mod m),

(ii) the smallest d satisfying 2ds

0O (mod n) divides gcd(m,n)
if m is odd and n is even;
(3) a(2k) =2kt, a2k +1) =2kt +2s5 +1
B(2k) = 2kt,, B2k +1) =2kt, + 25, +1 s.t.

(i) d,, d, | gcd(m,n), where d,=Ka)|, d,=[B)|.

(ii) 2t =2 (mod m) and 2t. =2 (mod n).

(iii) 2(s, +1) =2(t,+1) =0 (mod d,) and 2(s, +1) =2(t,+1) =0 (mod d,)

(iv) 2(s, +1)(t,-1) = 0 (mod m) and 2(s, +1)(t,-1) = 0 (mod n)

if m, n:even.



,%Q [Theorem]

The number of reflexible edge transitive embedding of K is
(1) 1 if m, n: odd

(2) 22+ p ) (L+p)) if m= pleep)prst - p,l,
Brsg — G
n= 2'p'--p)q i --q and ged(m,n)=p;' - p

=

K
(3) A(a7b)2f+g+€(1 -+ plcl)(l + p?«’) if m = 2apf1 ...pipZiT ijijf’

_ b b b, b, b€+g ¢
n= 2"p'-p'ql q,, ,

and gcd(m,n) =2°p -+ p



A(a,b)

36
20(1 + 2272
20 + 18 . 202

20 + 16 - 2072

or (1.k) with k > 3,

with k > 4,

ifb—2>a>4.



Product of two cyclic groups

=< xXy) s.t. () (x> " (y) ={{ed} (i) () =2Z ,Ky)=2%Z,,
(iii) 3 p € Aut(T) s.t. 2z =27, ¢y =y' =
' =<z_,y,) for some reflexible admissible pair (z_, yﬁ) of K

.
777777



Product of two cyclic groups

' =<z)y) s.t. (i) x) N yy ={id} (ii) (z) = Z , (y) = Z
(iii) 3 p € Aut(T) s.t. 2z =27, ¢y =y' =
' =<z_,y,) for some reflexible admissible pair (z_, yﬁ) of K

yﬁx —xﬂ (J)y;’/() (commutting rule)

.
777777



Product of two cyclic groups

' =<z)y) s.t. (i) x) N yy ={id} (ii) (z) = Z , (y) = Z
(iii) 3 p € Aut(T) s.t. 2z =27, ¢y =y' =
' =<z_,y,) for some reflexible admissible pair (z_, yﬁ) of K

y,g I = ﬂ’ (7),, o’ (i
g%ﬁ [Theorem]

Yy ) (commutting rule)
L =(z)Xy) s.t. () {x) n(yy ={id} (i) (x) =Z , {y) = Z
(111) = ¢ (S A’U,t(r) S.t. $¢ = I 1’ y¢ = y_l
(1) if m, n: odd = T =% X7

m

.
m,n

/+/

: ay Ay i — b, b b, b,y borg
(2) 1f m = pl ”'pe p4+1 - py_,_f 9 n = 2 pl ...pf q€+1 ) q(+g
with gcd(m,n)=p ---p,;’ =

n

I' ={xz,y|x" =y™ , yr = x2°y", yx® = 2°y) for some r € [m],s 6[2]

=1 (modm), s =0 (mod 2" "¢ -- qe’f’) for j=1,...,¢

b —C,+z

s =0 (mod pbj") if =1 (mod pjj) s=p/ (mod p )1f7“——1 (mod pjj)



Product of two cyclic groups
' =(xXy) s.t. () (z) n<(y) ={id} (Gi) (z) =Z, ,y) =Z
(iii) 3 p € Aut(T) s.t. 2z =27, ¢y =y' =

' =<z_,y,) for some reflexible admissible pair (z_, yﬁ) of

y,g I = ﬂ’ (7),, o’ (i
g%ﬁ [Theorem]

Yy ) (commutting rule)
I ={zXy) s.t. (i)  x) n(yy ={id} () (x) =2 ,(y) =7Z
(111) = ¢ S A’U,t(r) S.t. $¢ = Qj_l’ y¢ = y_l
(1) if m, n: odd = =2 x27Z,
(2) if m = pf’l

with gcd(m,n)=p ---p,;’ =

.
m,n

Ay A, Cppy _ b, b b, b,y . /+q
P, P,y p//+f , L= 2 b, P,4q,,

q(+g

={z,y|z" =y" =1, yr = 2>"y", yx® = 2°y) for some r € [m],s e [%]
=1 (modm), s =0 (mod 2" "¢ -- qg’f’) for j=1,...,¢
b. . a. —C,+z
s =0 (mod p/) if r =1 (mod p /), s_p (modp )1f7“=—1 (modp )
(3) if m,n : even =

) 3 2s.+1 2s +1 2 21 2s, (t, +1)+1
C=(z,y|a" =y™ =1, yr = a”="y>"" | yz? = 2>y 0"

2s, (t,+1)+1 2t

2 ) 2. 2 2 2
yr =uw Yy, y T =zx7y")

for some s ,t, € [—], s,,t, €[] satisfying four conditions.

N | S



-uture Work

1. Classifications of edge-transitive embeddings of K, and
consequently classify group I' = (x){y) s.t.

(1) Ny ={d} () () =2Z,, (y) =2,

2. Classifications of nonorientable edge-transitive embeddings of
K

m,n*
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