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Definition, Introduction and Background

Definition
Let G be a finite group and H < G. H is called a core-n subgroup of G
if [H : Hg| < n where Hg = (\,eq HY is the core of H in G.
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Definition, Introduction and Background

Definition
Let G be a finite group and H < G. H is called a core-n subgroup of G
if [H : Hg| < n where Hg = (\,eq HY is the core of H in G.

Definition

G is called a core-n group if each subgroup of G is a core-n subgroup.
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Definition, Introduction and Background

Let G be a finite group with order 2. G is called a minimal core-2 2-
group if G is not a core-2 group but both of each subgroup of G and its
quotient are the core-2 group.
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Definition, Introduction and Background

Definition

Let G be a finite group with order 2. G is called a minimal core-2 2-
group if G is not a core-2 group but both of each subgroup of G and its
quotient are the core-2 group.

V.
Definition

Let G be a finite p-group with order p"™, where p is a prime. G is called
an almost mazimal class if ¢(G) =n — 2.

v

Remark: In this paper, G always is not abelian. And the terminology is
general.
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Definition, Introduction and Background

Introduction

For a group G and its subgroup H,

1< HG < HﬂNg(H) < G.

When any subgroup H of G such that Ng(H) = H, G is called Dedekind
group. Certainly, at the same time, Hg = H.
So the core-n group can be seen as some generalized Dedekind group.
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Definition, Introduction and Background

Background

Buckley, Lennox, Neumann, Smith and Wiegold studied n-core p-group
in 1995[1]. Their paper concerned the maximal abelian normal subgroup
index’s bounder for the core-p p-group.

After that, J.C. Lennox, H.Smith, J.Wiegold, Y.Berkovich, Z.Janko,
M.Y. Xu and some others gave some contributions about core-p p-group
in 2, 3, 4, 5, 6].
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Definition, Introduction and Background

Prof. Mingyao Xu give an open problem:

Decide the core-2 2-group.
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Definition, Introduction and Background

Prof. Mingyao Xu give an open problem:
Decide the core-2 2-group.

By the classification maximal class p-group, one can check they are the
core-p p-group.
In this paper, we decide the minimal non-core-2 2-groups with almost
maximal class.
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Main Result

Theorem

Let G be a non-core-2 2-group of order 2™ with almost mazimal class.
Then G must be one of following groups.

) (a,b,c,d|c?" " =d® = b2 = [d,d] = [b,d = 1,cb = c71,b% = be,d® =
A" et =2 02 = 4?7 (n > 6);

(I1) (a b,c,d|c*"” O P — [d,c] = [b,d] =1,¢b = ¢ 1+2"7" B2 = q,b =
be, d* = chn . =ca®=c" 5), (n>6);

(IIL) (a,b,c,d|c¥" > = d? = a2 = [d, ] =
d,b* =be,d* = dc?" " v = ¢ = (n >5);
(IV){a,b,c,d|c? = d*> = b®> = a* = [d,c] = [b,d] = [b,¢] = [d,a] =
1,[b,a] = ¢,[c,al =d)(n =5);

(V){a,b,c,d|c* = d*> = b* = [d,c] = [b,d] = [b,c] = [d,a] = 1,a* =
d,[b,a] = ¢, [c,a] =d)(n=5);

(VD){(¢,b,alc?" " =¥ =a? =1, =c 1, ¢* = ¢ 2" [b,a] = 1), (n >
5).

v
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Main Result

1. I, IT and I1I: d(G) = 2 and G’ is cyclic where n > 5;
2. IV and V: d(G) = 2 and G’ is not cyclic where n=>5;
3. VI: d(G) = 3 where n > 5.
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Proof of the Main Result

Let G be a groups of order 2" where n < 4 or ¢(G) =n—1. Then G is
core-2 2-group.
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Proof of the Main Result

Let G be a groups of order 2" where n < 4 or ¢(G) =n—1. Then G is
core-2 2-group.

This lemma means both of small order and the maximal class 2-group are
the core-2 2-group. So we only consider n > 5 in the following lemma.
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Proof of the Main Result

Let G be a minimal non-core-p p-groups of order p™ where n > 4 | then

d(G) < 4.

Outline of the Proof.

Let K < G such that |K : Kg| > p?. Since G is minimal, K¢ = 1.

We can choose a subgroup H < K with order p? such that Hg = 1,
HNZ(G)=1and H®(G) < G.

Case 1. If |G : H®(G)| = p, then |G : ®(G)| < p?;

Case 2. Otherwise |G : H®(G)| > p?, then can get |G : ®(G)| < p*. [
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Proof of the Main Result

Let G be a minimal non-core-2 2-groups of order 2™ with almost mazimal
class where n > 4 , then d(G) < 3.

Proof.

Since G is almost maximal class, |G/G’| = 23 and G’ < ®(G) . Then

|G : ®(GQ)| < 23. So d(G) =2 or 3. O
1:>/ : = T SRS EK IR S ar e, e
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Proof of the Main Result

Let G be a minimal non-core-2 2-groups of order 2™ with almost mazimal
class where n > 4 , then d(G) < 3.

Proof.
Since G is almost maximal class, |G/G’| = 23 and G’ < ®(G) . Then
|G : ®(GQ)| < 23. So d(G) =2 or 3. O

We classify the group according to d(G) = 2 or 3.
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Proof of the Main Result

Let G be a minimal non-core-2 2-groups of order 2™ with almost mazimal
class where n > 7 , d(G) = 2. Then G’ is cyclic.

Outline of the proof.

Firstly, we claim that

when n = 6, if d(G’) > 2(it means that G’ is not cyclic) and d(G) > 2,
then G is not a core-2 2-group.

maxues@cnu.edu.cn (CNU) CMNC2AC June 30, 2014 13 / 31



Proof of the Main Result

Let G be a minimal non-core-2 2-groups of order 2™ with almost mazimal
class where n > 7 , d(G) = 2. Then G’ is cyclic.

Outline of the proof.

Firstly, we claim that

when n = 6, if d(G’) > 2(it means that G’ is not cyclic) and d(G) > 2,
then G is not a core-2 2-group.

Secondly, assume G’ is not cyclic. Since G is a minimal non-core-2
2-group, then G = G/G5 is core-2 2-group with order 2% such that
d(G") > 2, |G/®(G)| = 4.

This is a contradiction with above claiming result.
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Proof of the Main Result

Let G be a minimal non-core-2 2-groups of order 2™ with almost mazimal
class where n > 7 , d(G) = 2. Then G’ is cyclic.

Outline of the proof.

Firstly, we claim that

when n = 6, if d(G’) > 2(it means that G’ is not cyclic) and d(G) > 2,
then G is not a core-2 2-group.

Secondly, assume G’ is not cyclic. Since G is a minimal non-core-2
2-group, then G = G/G5 is core-2 2-group with order 2% such that
d(G") > 2, |G/®(G)| = 4.

This is a contradiction with above claiming result.

So G’ is cyclic. O

- %;  BREEIEENGEEX RS A evans=.
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Proof of the Main Result

Lemma

Let G be a minimal non-core-2 2-groups of order 2™ where n > 5
d(G) =2 and G’ is cyclic. Then G must be one of following groups.

(I) <a b,c,dc®" " = d2—b2 [d,c] = [b,d] = 1,c® = ¢, b% = be,d* =
de? et = 2 g2 = 4?7 (n > 6);

(11) (a b,c,d|c*" =@ =[dd=bd=1cd=c" 2 =dp =
bc,d“zchn t=c,a®2=c2"""), (n>6)
(III) (a,b,c, d\ P =2 =[d,d = [bd =1, =12 B2 =
d, b = be, d* = dc?"~ 4, =c1), (n>5).
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Proof of the Main Result

Outline of the Proof.
Since G is a minimal non-core-2 2-group, we can take subgroup H of
order 4 and Hg = 1.

CMNC2AC June 30, 2014 15 / 31



Proof of the Main Result

Outline of the Proof.

Since G is a minimal non-core-2 2-group, we can take subgroup H of
order 4 and Hg = 1.

Set G’ = (co) and O(cp) =2"73. Thus HNG' =1, M =G' x H <G.
For M is a core-2 2-group, take L = {1,d} <M and L < H.

Then (cp) x L < M.

Thus H = (L,b),G = (M, a) where b € L.
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Proof of the Main Result

Outline of the Proof.

Since G is a minimal non-core-2 2-group, we can take subgroup H of
order 4 and Hg = 1.

Set G’ = (co) and O(cp) =2"73. Thus HNG' =1, M =G' x H <G.
For M is a core-2 2-group, take L = {1,d} <M and L < H.

Then (cp) x L < M.

Thus H = (L,b),G = (M, a) where b € L.
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Proof of the Main Result

Vz € G, since [d,z] =1 (mod G'), then d® =d - c,0 < j < 2" 73,
For O(d) = O(d®) = O(dc)) = 2 and n > 5, then

2"=4|j and [d,z] =1 (mod G3 = {(c2)).
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Proof of the Main Result

Vz € G, since [d,z] =1 (mod G'), then d® =d - c,0 < j < 2" 73,
For O(d) = O(d®) = O(dc)) = 2 and n > 5, then

2"=4|j and [d,z] =1 (mod G3 = {(c2)).

Thus d € ®(G), ®(G) = (o, d), and G = (a, b).
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Proof of the Main Result

Vz € G, since [d,z] =1 (mod G'), then d® =d - c,0 < j < 2" 73,
For O(d) = O(d®) = O(dc)) = 2 and n > 5, then

2"=4|j and [d,z] =1 (mod G3 = {(c2)).

Thus d € ®(G), ®(G) = (o, d), and G = (a, b).
Then

G' = (co) = ([b,a], G3), [b,a] =, (60, 2) = 1.
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Proof of the Main Result

Since Hg = 1, {1,d} # {1,d}* C 1(®(G)) = {1,d,dcg" ", 3" '}.
But d* =d (mod G’ = (cp)), d* = dc(z)n_4 and a2 € (G).
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Proof of the Main Result

Since Hg = 1, {1,d} # {1,d}* € 21(®(Q)) = {1 dyd2 " 2"
But d* = d (mod G’ = (cp)), d* = d2" " and a? € ‘I>(G)
Thus

@ =cP,a? =%, 05 € {£1 424 £1},84 € {0,1},0 < 85 < 24
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Proof of the Main Result

Case 1. n > 6.
If H< M, thenM = (cy) x H, and

O(b) = O(b*) = O(bel®) = o(cd) = o(co) > 8 # o(b) < 4.
A contradiction.

Thus [co, b] = cgl_l # 1.
Since b? € L, §; € {1 + 274 —1}. b* = d*,5, € {0,1}.
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Proof of the Main Result

Case 1. n > 6.
If H< M, thenM = (cy) x H, and

O(b) = O(b*) = O(bel®) = o(cd) = o(co) > 8 # o(b) < 4.

A contradiction.
Thus [co, b] = cgl_l # 1.
Since b? € L, §; € {1 + 274 —1}. b* = d*,5, € {0,1}.

G =(a,b,co,d|d"" =d® = [d,co] = [b,d] = 1,c) = 1, b = d®, b* = b,
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Proof of the Main Result

Case 1. n > 6.
If H< M, thenM = (cy) x H, and

O(b) = O(b*) = O(bel®) = o(cd) = o(co) > 8 # o(b) < 4.

A contradiction.
Thus [co, b] = cgl_l # 1.
Since b? € L, §; € {1 + 274 —1}. b* = d*,5, € {0,1}.

G =(a,b,co,d|d"" =d® = [d,co] = [b,d] = 1,c) = 1, b = d®, b* = b,
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Proof of the Main Result

Taking ¢ = cgo, then
G={abecdd  =d=[dd=[bd=1d=c"p=d>,

n—4
b =be,d® = d® % = % ,a% = d64c65>.
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Proof of the Main Result

Since G/G' = Zy x Zo,

63+ 02 # 0. (1)
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Proof of the Main Result

Since G/G' = Zy x Zo,

62 + 62 #0. (1)
Since
(a2)a — (d§4655)a — (dc2n_4)54c53-§5 _ d54c2n_4-54+63-55
= % =d%%
2454 + (03 — 1)05 =0 (mod 2"73). (2)
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Proof of the Main Result

Since
ba2 _ b(d54c§5) bc _ b[b 655] 1 —41)05
= (b = (be)* = b’ T,

03 +1= (1 — 51)55 (mod 277'_3). (3)
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Proof of the Main Result

Since
pa®  — pldiacts) _ peds _ blb, 655] — pe(1-61)85
= (%) = (be)" = b,
63 +1=(1-101)0 (mod2"?). 3)
Since
B2 = (09?2 = (be)? = bPcbe = B2IHL = @h2 it
(déz)a _ (da)62 _ d5262n74527
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Proof of the Main Result

By solving equations,
03 = —1+2" 4% 65 = 2" 5 + 2”_4(%. Replacing ad% with a, we can get
85 = 2" and G is type(I).
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Proof of the Main Result

By solving equations,

03 = —1+2" 4% 65 = 2" 5 + 2”_4(%. Replacing ad% with a, we can get
05 = 2" and G is type(I).

d3 = 1,05 = 1 +277° + 2”*453. Replacing ad% with a, we can get
85 = 2" and G is type (II).
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Proof of the Main Result

By solving equations,

03 = —1+2" 4% 65 = 2" 5 + 2”_4(%. Replacing ad% with a, we can get

05 = 2" and G is type(I).

d3 = 1,05 = 1 +277° + 2”*4(5{5. Replacing ad% with a, we can get

85 = 2" and G is type (II).

§3=—1+2"%or —1, §5 = 2”*4(%, 03 = —1. A ad’. Replacing a with
¢, we can get 65 =0 and G is type (III).

Other cases do not occur or same as above type.
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Proof of the Main Result

Case 2. n=5.

G = (a,b,c,d|c* =d? = [d,d] = [b,d] =1, = *,b? = d%2,b* = be,d* = d.

@ =c%,a% = d%e®), 61,03 € {£1},8,84 € {0,1},85 € {0,£1,2}.

As above discussion, we can get a type (III) group.
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Proof of the Main Result

Case 2. n=5.

G = (a,b,c,d|c* =d? = [d,d] = [b,d] =1, = *,b? = d%2,b* = be,d* = d.

@ =c%,a% = d%e®), 61,03 € {£1},8,84 € {0,1},85 € {0,£1,2}.

As above discussion, we can get a type (III) group.
We can check the three type group are not isomorphic and minimal

non-core-2 2-group with almost maximal class.
O
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Proof of the Main Result

Lemma

Let G be a minimal non-core-2 2-groups of order 2™ where n > 5 |
d(G) =2 and G’ is not cyclic. Then G must be one of following groups.
(IV){a,b,c,d|c? = d*> = b? = a* = [d,c] = [b,d] = [b,¢] = [d,a] =
1,[b,a] = ¢, [c,al =dy(n=5); or

(V){a,b,c,d|c* = d*> = b* = [d,c] = [b,d] = [b,c] = [d,a] = 1,a* =
d,[b,a] = ¢, [c,a] =d)(n=5);

Proof. By above lemma, since G’ is not cyclic, then 4 < n < 6.

Case 1. n=5.

Since G’ is not cyclic, G' = Zy X Z2,G /G’ = Zy X Zs.

Without loss generality, we can assume G = (a, b), and a*,b* € G/, [a, b] =
ceG - G3,G3 = <d>

— = =y BRSNS ZX I S S Az e A=, S R st o ccnmr por it st it
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Proof of the Main Result

Then
G = (a,b,c,d|c* = d* = [d,c] = [b,d] = [d,a] = 1,[b,a] = c,
[c,a] = d%, [e,b] = d°2,a* = P3d%, b? = %5d%)

where 01, d2, 03, 04, 05, 0g € {O, 1}.
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Proof of the Main Result

Then

G = (a,b,c,d|c* =d® = [d,c] = [b,d] = [d,a] = 1, ]b,a] = c,

[c,a] = d%, [e,b] = d°2,a* = P3d%, b? = %5d%)

where 01, d2, 03, 04, 05, 0g € {O, 1}.
Since G is almost maximal class,

[GQ,G] = ([C,a],[c,b],G3> = 01+ >1
(bZ)a — (ba)Q = d6165 — d52

(et =at = dh% =1

)P =b? = d2%5=1

()b = ()t = %% =1.
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Proof of the Main Result

Then

G = (a,b,c,d|c* =d® = [d,c] = [b,d] = [d,a] = 1, ]b,a] = c,

[c,a] = d%, [e,b] = d°2,a* = P3d%, b? = %5d%)

where 01, d2, 03, 04, 05, 0g € {O, 1}.
Since G is almost maximal class,

R R

+d>1
d6165 — d(52
d1% =1
d®2% =1
d%2% =1.
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Proof of the Main Result

(i) If 64 = 0,66 = 0 ,then G is type (V);

(ii)If 64 = 0,96 = 1, replacing ba? with b, then G is type(V);
(iii)If 94 = 1,6 = 0, then G is type (IV);

(iv)If 64 = 1 and dg = 1, this case G is core-2 2-group.
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Proof of the Main Result

Case 2. n=6. It is similarity to n = 5.
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Proof of the Main Result

Let G be a minimal non-core-2 2-groups of order 2" where n > 5 ,
d(G) = 3. Then G must be
(e,byalc® =2 =a2 =1, =c1,¢* =427 [ba] = 1), (n > 5).

Proof.
Since n > 5 and d(G) = 3, by[7], 3K < G such that K; = G;, where
i=23-.-,n—2.
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Proof of the Main Result

Let G be a minimal non-core-2 2-groups of order 2" where n > 5 ,
d(G) = 3. Then G must be
(e,byalc® =2 =a2 =1, =c1,¢* =427 [ba] = 1), (n > 5).

Proof.

Since n > 5 and d(G) = 3, by[7], 3K < G such that K; = G;, where
1=2,3,---,n—2.

For G is a maximal class 2-group, then 9L =< ¢ > <K and L char K.
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Proof of the Main Result

Let G be a minimal non-core-2 2-groups of order 2" where n > 5 ,
d(G) = 3. Then G must be
(e,byalc® =2 =a2 =1, =c1,¢* =427 [ba] = 1), (n > 5).

Proof.

Since n > 5 and d(G) = 3, by[7], 3K < G such that K; = G;, where
i=23-.-,n—2.

For G is a maximal class 2-group, then 9L =< ¢ > <K and L char K.
Assume H < G such that |[H| = 4 and Hg = 1. Then HNL =
1.(Otherwise 1 # H N L Char L < G. This is a contradiction.)

maxues@cnu.edu.cn (CNU) CMNC2AC June 30, 2014 28 / 31



Proof of the Main Result

Let G be a minimal non-core-2 2-groups of order 2" where n > 5 ,
d(G) = 3. Then G must be
(e,byalc® =2 =a2 =1, =c1,¢* =427 [ba] = 1), (n > 5).

Proof.

Since n > 5 and d(G) = 3, by[7], 3K < G such that K; = G;, where
i=23-.-,n—2.

For G is a maximal class 2-group, then 9L =< ¢ > <K and L char K.
Assume H < G such that |[H| = 4 and Hg = 1. Then HNL =
1.(Otherwise 1 # H N L Char L < G. This is a contradiction.)

It means G = (H,L) = L x H.
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Proof of the Main Result

Let G be a minimal non-core-2 2-groups of order 2" where n > 5 ,
d(G) = 3. Then G must be
(e,byalc® =2 =a2 =1, =c1,¢* =427 [ba] = 1), (n > 5).

Proof.

Since n > 5 and d(G) = 3, by[7], 3K < G such that K; = G;, where
i=23-.-,n—2.

For G is a maximal class 2-group, then 9L =< ¢ > <K and L char K.
Assume H < G such that |[H| = 4 and Hg = 1. Then HNL =
1.(Otherwise 1 # H N L Char L < G. This is a contradiction.)

It means G = (H,L) = L x H.

By G/L = H,®(G) < L, H 2 Zy x Zs. If |Cc(L)L| = 2, then 1 <
Co(L)NH < Z(G). ThlS is contradict to Hg = 1.

:7 TR ZX S S am e anre. R
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Proof of the Main Result

Let G be a minimal non-core-2 2-groups of order 2" where n > 5 ,
d(G) = 3. Then G must be
(e,byalc® =2 =a2 =1, =c1,¢* =427 [ba] = 1), (n > 5).

Proof.

Since n > 5 and d(G) = 3, by[7], 3K < G such that K; = G;, where
i=23-.-,n—2.

For G is a maximal class 2-group, then 9L =< ¢ > <K and L char K.
Assume H < G such that |[H| = 4 and Hg = 1. Then HNL =
1.(Otherwise 1 # H N L Char L < G. This is a contradiction.)

It means G = (H,L) = L x H.

By G/L = H,®(G) < L, H 2 Zy x Zs. If |Cc(L)L| = 2, then 1 <
Co(L)NH < Z(G) This is contradict to Hg = 1.So Cea(L ) L,H —
G/L q:%(Aﬁt ZE"‘X TBSRS RS ARE R Sz, S vt 2 e ettt
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Proof of the Main Result

Without loss generality, we can assume H = (b,a)

2n—2

G = (a, b7c’c =N =tar = 17cb = = c_1+2n—3’ [b, CL] =1).

We can check G is an inner core-2 2-group and G//N is a core-2 2-group
where N < Z(G) and |N| = 2.
Then G is a minimal non-core-2 2-group. [

nu.edu.cn (CNU) CMNC2AC June 30, 2014



Proof of the Main Result

By above lemma, we can get the main result. [
Furthermore, we can also get all the inner core-2 2-groups.
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Proof of the Main Result

Thank you very much!
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