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Basics about graphs

A graph is an ordered pair [ = (V, E), where V denotes the set of
vertices, and E denotes the set of edges of the graph TI'.

Automorphism of a graph I is a bijective function ¢ : V(') — V(')
such that {x,y} € E(I') & {p(x),¢(y)} € E(I).

We define the set Aut(I') to be the set of all automorphisms of the
graph I.

It is not difficult to see that Aut(I) is in fact the group with
respect to composition of functions, and it is called the
automorphism group of T.
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Actions on graphs

When we speak about graphs we consider the action of the group
of the automorphisms on the graph.
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Actions on graphs

When we speak about graphs we consider the action of the group
of the automorphisms on the graph. We say that a graph I is

@ vertex-transitive < Aut(l") acts transitively on the vertex set
of the graph;

e edge-transitive < Aut(l") acts transitively on the edge set of
the graph;

@ arc-transitive < Aut(I") acts transitively on the arc set of the
graph.
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Cayley graphs

Given a group G and a subset S of G such that:

(i) 1¢S5,

(i) STt =5;
the Cayley graph Cay(G, S) of G relative to S has vertex set G and
edges of the form {g, gs} where g € G and s € S.
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Cayley graphs

Given a group G and a subset S of G such that:

(i) 1¢S5,

(i) STt =5;
the Cayley graph Cay(G, S) of G relative to S has vertex set G and
edges of the form {g, gs} where g € G and s € S.

G = Zy0, S = {£1,5}.
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Cayley graphs

If X = Cay(G,S) then the action of G on itself by the left
multiplication induces a subgroup of the automorphism group
which acts transitively on vertices, hence every Cayley graph is
vertex-transitive.
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Cayley graphs

If X = Cay(G,S) then the action of G on itself by the left
multiplication induces a subgroup of the automorphism group
which acts transitively on vertices, hence every Cayley graph is
vertex-transitive.

However, not every vertex-transitive graph is Cayley graph. The
smallest vertex-transitive graph which is not Cayley is the Petersen

graph.
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Generalized Cayley graphs

Let G be a finite group, S a non-empty subset of G and « an
automorphism of G such that the following conditions are satisfied:

(i) o> =1,
(i) a(g™)g ¢S, (Vg € G)
(i) a(S71) =S.

Then the generalized Cayley graph X = GC(G,S,«) on G with
respect to the ordered pair (S, «) is a graph with vertex set G, and
edges of form {g,a(g)s}, where g € G and s € S.

G = Zyo, a(x) = —x, S = {£1,5}.
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Example

Example
Let G =73 x Z3, S ={(1,0),(1,1),(0,2),(2,2)} and
& (0rf) = G i)
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History of generalized Cayley graphs

The concept of generalized Cayley graphs was introduced by
Marusi¢, Scapellato and Zagaglia Salvi in 1992. They studied
properties of such graphs relative to double covers of graphs
(sometimes called bipartite double cover or canonical double cover).
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History of generalized Cayley graphs

The concept of generalized Cayley graphs was introduced by
Marusi¢, Scapellato and Zagaglia Salvi in 1992. They studied
properties of such graphs relative to double covers of graphs
(sometimes called bipartite double cover or canonical double cover).

Double cover B(X) of a graph X is the direct product X x Kj.
This means that V(B(X)) = V(X) x Zy and all the edges of B(X)

are {(x,0),(y,1)} and {(x,1),(y,0)} where {x,y} is an edge in X.
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It is easily seen that Aut(B(X)) contains a subgroup isomorphic to
Aut(X) x Zy. If Aut(B(X)) is isomorphic to Aut(X) x Z; then
the graph X is called stable, otherwise it is called unstable.
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It is easily seen that Aut(B(X)) contains a subgroup isomorphic to
Aut(X) x Zy. If Aut(B(X)) is isomorphic to Aut(X) x Z; then
the graph X is called stable, otherwise it is called unstable.

Theorem (Marusi¢, Scapellato, Zagaglia Salvi, 1992)

Let X be a non-bipartite graph. Then its double cover is a Cayley
graph if and only if X is a generalized Cayley graph.
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It is easily seen that Aut(B(X)) contains a subgroup isomorphic to
Aut(X) x Zy. If Aut(B(X)) is isomorphic to Aut(X) x Z; then
the graph X is called stable, otherwise it is called unstable.

Theorem (Marusi¢, Scapellato, Zagaglia Salvi, 1992)

Let X be a non-bipartite graph. Then its double cover is a Cayley
graph if and only if X is a generalized Cayley graph.

Proposition (Marusi¢, Scapellato, Zagaglia Salvi, 1992)

Let X be a generalized Cayley graph. If X is stable, then it is a
Cayley graph.

Therefore, every generalized Cayley graph which is not Cayley
graph is unstable.
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Automorphisms of a Generalized Cayley graphs

Lemma (H, Kutnar, Marusi¢, 2015)

Let X = GC(G, S, «) be a generalized Cayley graph on a group G
with respect to the ordered pair (S, ), and let

Fix(e) ={g € G| a(g) = g}. Then Fix(a), < Aut(X) and
moreover it acts semiregularly on V(X).
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Automorphisms of a Generalized Cayley graphs

Lemma (H, Kutnar, Marusi¢, 2015)

Let X = GC(G, S, «) be a generalized Cayley graph on a group G
with respect to the ordered pair (S, ), and let

Fix(e) ={g € G| a(g) = g}. Then Fix(a), < Aut(X) and
moreover it acts semiregularly on V(X).

Theorem (H, Kutnar, Marusi¢, 2015)

Let X = GC(G, S, ) be a generalized Cayley graph on a group G
with respect to the ordered pair (S, ). Then there exists a
non-trivial element g € G, which is fixed by a. Moreover, X admits
a semiregular automorphism which lies in Gp N Aut(X).
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Automorphisms of a Generalized Cayley graphs

Let X = Cay(G,S) be a Cayley graph, and let Aut(G, S) denote
the set of all automorphisms of G that fix set S, that is

Aut(G,S) = {p € Aut(G) | ¢(S) = S}.
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Automorphisms of a Generalized Cayley graphs

Let X = Cay(G,S) be a Cayley graph, and let Aut(G, S) denote
the set of all automorphisms of G that fix set S, that is

Aut(G,S) = {p € Aut(G) | ¢(S) = S}.

It is well-known that Aut(G, S) is the subgroup of Aut(X).
Moreover, it is contained in the stabilizer of 15 € V/(X).
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Automorphisms of a Generalized Cayley graphs

Let X = Cay(G,S) be a Cayley graph, and let Aut(G, S) denote
the set of all automorphisms of G that fix set S, that is

Aut(G,S) = {p € Aut(G) | ¢(S) = S}.

It is well-known that Aut(G, S) is the subgroup of Aut(X).
Moreover, it is contained in the stabilizer of 15 € V/(X). Motivated
by the above result, let us define

Aut(G,S,a) = {p € Aut(G) | p(S) = S, ap = pa}.
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Automorphisms of a Generalized Cayley graphs

Let X = Cay(G,S) be a Cayley graph, and let Aut(G, S) denote
the set of all automorphisms of G that fix set S, that is

Aut(G,S) = {p € Aut(G) | ¢(S) = S}.

It is well-known that Aut(G, S) is the subgroup of Aut(X).
Moreover, it is contained in the stabilizer of 15 € V/(X). Motivated
by the above result, let us define

Aut(G,S,a) = {p € Aut(G) | p(S) = S, ap = pa}.

Theorem (H, Kutnar, Marusi¢, 2015)

Let X = GC(G, S, ) be a generalized Cayley graph on a group G
with respect to the ordered pair (S, ). Then
Aut(G, S, o) < Aut(X) which fixes the vertex 1 € V(X).
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Vertex-transitive generalized Cayley non Cayley graphs

Theorem (H, Kutnar, Marusi¢, 2015)

For a natural number k > 1 let n = 2((2k + 1)?> + 1) and let X be
the generalized Cayley graph GC(Zn, S, «) on the cyclic group Z,
with respect to S = {42, +4k? 2k?> + 2k + 1} and the
automorphism o € Aut(Z,) defined by the rule

a(x) = ((2k +1)2 +2) - x. Then X is a non-Cayley
vertex-transitive graph.

Ademir Hujdurovié Generalized Cayley graphs



Vertex-transitive generalized Cayley non Cayley graphs

Theorem (H, Kutnar, Marusi¢, 2015)

For a natural number k > 1 let n = 2((2k + 1)?> + 1) and let X be
the generalized Cayley graph GC(Zn, S, «) on the cyclic group Z,
with respect to S = {42, +4k? 2k? + 2k + 1} and the
automorphism o € Aut(Z,) defined by the rule

a(x) = ((2k +1)2 +2) - x. Then X is a non-Cayley
vertex-transitive graph.

Theorem (H, Kutnar, Marusi¢, 2015)

For a natural number k such that k 22 (mod 5), t = 2k + 1 and
n = 20t, the generalized Cayley graph GC(Z,, S, ) on the cyclic
group Z, with respect to S = {+2t,+4¢,5,10t — 5} and the
automorphism o € Aut(Z,) defined by the rule a(x) = (10t + 1)x,
is a non-Cayley vertex-transitive graph.
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Group automorphisms of order 2

Let wy: G — G be the mapping defined by w,(x) = a(x)x~! and
let wa(G) = {wa(g) | g € G}. Notice that the definition of

generalized Cayley graphs (ii) is equivalent to wo(G) NS = 0.
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Group automorphisms of order 2

-1

Let wy: G — G be the mapping defined by w,(x) = a(x)x~* and

let wa(G) = {wa(g) | g € G}. Notice that the definition of
generalized Cayley graphs (ii) is equivalent to wo(G) NS = 0.

(a) If G is an Abelian group then w,(G) is a subgroup of G;
(b) for every x € wa(G), it holds a(x) = x~1.

Theorem (Miller, 1909)

If G is an Abelian group of odd order and o € Aut(G) such that
a? =1 then G = Fix(a) x wa(G).
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The previous result enables us to describe generalized Cayley graphs
on an Abelian group of odd order in a simple way. If G is an
Abelian group of odd order, and a € Aut(G) such that a2 =1,
then we can write G = Gy X Gy, where G; = Fix(a), Gy = wo(G).
Then for (x,y) € G x Gy we have a(x1, %) = (x1, %, *). Then
GC(G, S, a) is isomorphic to the graph with vertex set G; x Gs.
Let S’ C Gy x G, be the image of S. Then it is easy to see that:

() S'n({lg} x G2) =0;

(i) (s1,92) €5 < (s;t,) €S
The edges are now given with (x1, x2) ~ (xlsl,x2_152), where
(51,52) e§.
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Let G = Zyn x H, where H is an Abelian group of odd order and
let o € Aut(G) such that a®> = 1. Then H = Hy x Hy,
a(x,y1,y2) = (ax,y1,y5 *), where a € {#+1,2""1 +1}.
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Let m € N and let H be a finite Abelian group of odd order. Then
any generalized Cayley graph X = GC(Zym x H,S, ) is a Cayley
graph on Dih(Zym-1 X H).
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Let m € N and let H be a finite Abelian group of odd order. Then
any generalized Cayley graph X = GC(Zym x H,S, ) is a Cayley
graph on Dih(Zym-1 X H).

Theorem

Let G be an Abelian group and « inversion automorphism of G.
Then every generalized Cayley graph on G with respect to « is
Cayley if and only if one of the following holds:

(i) G is elementary Abelian 2-group;

(ii) Sylow 2-subgroup of G is cyclic.
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Every generalized Cayley graph of order 2p is a Cayley graph.
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Every generalized Cayley graph of order 2p is a Cayley graph.

There are only two groups of order 2p, Zy, and Dsp,.
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Every generalized Cayley graph of order 2p is a Cayley graph.

There are only two groups of order 2p, Zy, and Dsp,.
If G =Zyp, then av = id or a(x) = —x.
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Every generalized Cayley graph of order 2p is a Cayley graph.

Proof.

There are only two groups of order 2p, Zy, and Dsp,.
If G =Zyp, then av = id or a(x) = —x.
Let G =Dyp = (1,p| T2 =pP =id, TpT =p~1).

a(p) = p* where (k, p) = 1;

afr) =T1p.
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Every generalized Cayley graph of order 2p is a Cayley graph.

Proof.

There are only two groups of order 2p, Zy, and Dsp,.
If G =Zyp, then av = id or a(x) = —x.
Let G =Dyp = (1,p| T2 =pP =id, TpT =p~1).

a(p) = p* where (k, p) = 1;

afr) =T1p.

o? = 1 implies that k = 1 (mod p) and /(k+1) =0
(mod p). O
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Thank youl
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