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De�nition

A graph G is said to be equistable if there exists a mapping

ϕ : V → [0,1] su
h that for all S ⊆ V ,

S is a maximal stable set ⇐⇒ ϕ(S) := ∑
v∈S

ϕ(v) = 1.

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs



Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
lusion

Equistable graphs

Payan, 1980

A stable set (or independent set) in a graph G = (V ,E ) is a
subset S ⊆ V su
h that no two verti
es in S are adja
ent.

A stable set is maximal if it is not properly 
ontained in any other

stable set.

De�nition

A graph G is said to be equistable if there exists a mapping

ϕ : V → [0,1] su
h that for all S ⊆ V ,

S is a maximal stable set ⇐⇒ ϕ(S) := ∑
v∈S

ϕ(v) = 1.

Su
h a ϕ is 
alled an equistable weight fun
tion of G .

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs



Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
lusion

Example of an equistable graph

0,3

0,7 0,4

0,6

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs



Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
lusion

Example of an equistable graph

0,3

0,7 0,4

0,6

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs



Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
lusion

Example of an equistable graph

0,3

0,7 0,4

0,6

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs



Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
lusion

Example of an equistable graph

0,3

0,7 0,4

0,6

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs



Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
lusion

Example of an equistable graph

0,3

0,7 0,4

0,6

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs



Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
lusion

Example of an equistable graph

0,3

0,7 0,4

0,6

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs



Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
lusion

Example of an equistable graph

0,3

0,7 0,4

0,6

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs



Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
lusion

Equistable graphs

in 
onne
tion to some other graph 
lasses

General partition

Strongly eqistable

Equistable

Triangle

⇓

⇓

⇓

6⇑

6⇑

6⇑

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs



Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
lusion

Equistable graphs

in 
onne
tion to some other graph 
lasses

General partition

Strongly equistable

Equistable

Triangle

⇓

⇓

⇓

6⇑

6⇑

6⇑

Mahadev et al., 1994

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs



Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
lusion

Equistable graphs

in 
onne
tion to some other graph 
lasses

General partition

Strongly equistable

Equistable

Triangle

⇓

⇓

⇓

6⇑

6⇑

6⇑

Mahadev et al., 1994
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Given a graph G = (V ,E ), let

S (G) be the set of all maximal

stable sets of G , and T (G) the

set of all other nonempty subsets

of V (G).
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Theorem (M
Avaney et al.,

1993)

A graph G is a general

partition graph if and only if

every edge of G is 
ontained

in a strong 
lique.
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Triangle 
ondition

For every maximal stable set S

in G = (V ,E ) and every edge

uv in G −S there is a vertex

s ∈ S su
h that {u,v ,s}
indu
es a triangle in G .
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De�nition

A graph is 2-internally extendable if every 2-mat
hing 
an be

extended to a perfe
t internal mat
hing.

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs



Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
lusion

General partition

Strongly equistable

Equistable

Triangle

⇓

⇓

⇓

∀ component is a star

Strongly equistarable

Equistarable

P5-constrained

⇓

⇓

⇓

or 2-internally extendable

triangle-free graph G L(G)

⇐⇒

⇐⇒

⇐⇒

⇐⇒

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs



Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
lusion

General partition

Strongly equistable

Equistable

Triangle

⇓

⇓

⇓

∀ component is a star

Strongly equistarable

Equistarable

P5-constrained

⇓

⇓

⇓

or 2-internally extendable

triangle-free graph G L(G)

⇐⇒

⇐⇒

⇐⇒

⇐⇒

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs



Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
lusion

De�nition

A graph is P
5

-
onstrained if every vertex of degree 2 is not a
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A graph is P
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-
onstrained if every vertex of degree 2 is not a


entral vertex of a P
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P5-constrained
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De�nition

A graph is P
5

-
onstrained if every vertex of degree 2 is not a


entral vertex of a P
5

.

P5-constrained not P5-constrained
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Strongly equistarable
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P5-constrained

⇓

⇓

⇓

or 2-internally extendable

triangle-free graph G L(G)

⇐⇒

⇐⇒

⇐⇒

⇐⇒
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Triangle

⇓

⇓

⇓

∀ component is a star

Strongly equistarable

Equistarable

P5-constrained

⇓

⇓

⇓

or 2-internally extendable

triangle-free graph G L(G)

⇐⇒

⇐⇒

⇐⇒

⇐⇒
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Outline

1

Equistable graphs

2

Equistarable graphs

3

Spe
ial 
ases

Bipartite graphs

Forests
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Bipartite graphs

Forests

Bipartite graphs

A graph is bipartite if its vertex set 
an be partitioned into two

stable sets.
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Forests

Bipartite graphs

A graph is bipartite if its vertex set 
an be partitioned into two

stable sets.

Theorem

For a bipartite graph G the following are equivalent:

(a) Every 
onne
ted 
omponent of G is either a star or 2-internally

extendable.

(b) G is strongly equistarable.

(
) G is equistarable.
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Forests

Proof sket
h

Sin
e bipartite graphs are triangle-free, we know (a)⇒(b)⇒(
).
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Forests

Proof sket
h

Sin
e bipartite graphs are triangle-free, we know (a)⇒(b)⇒(
).

To prove (
)⇒(a), we used:
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Forests

Proof sket
h

Sin
e bipartite graphs are triangle-free, we know (a)⇒(b)⇒(
).

To prove (
)⇒(a), we used:

Lemma

Let G be a 
onne
ted equistarable bipartite graph with δ (G )≥ 2.

Then, G is 1-extendable.
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Proof sket
h

Sin
e bipartite graphs are triangle-free, we know (a)⇒(b)⇒(
).

To prove (
)⇒(a), we used:

Lemma

Let G be a 
onne
ted equistarable bipartite graph with δ (G )≥ 2.

Then, G is 1-extendable.

Theorem (Plummer)

Let k ≥ 1 and let G = (V ,E ) be a 
onne
ted bipartite graph with a

bipartition {A,B} of its vertex set and V ≥ 2k . Then, G is

k-extendable if and only if |A|= |B | and for all non-empty subsets

X ⊆ A with |X | ≤ |A|− k , it holds that |N(X )| ≥ |X |+ k .
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Furthermore...
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Furthermore...

there are examples of P
5

-
onstrained bipartite graphs that are not

equistarable.
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Furthermore...

there are examples of P
5

-
onstrained bipartite graphs that are not

equistarable.

A B
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Forests

Furthermore...

there are examples of P
5

-
onstrained bipartite graphs that are not

equistarable.

A B

Suppose:

|A|= k

|B |= l
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Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
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Forests

Furthermore...

there are examples of P
5

-
onstrained bipartite graphs that are not

equistarable.

A B

Suppose:

|A|= k

|B |= l

Every su
h graph with

3≤ l ≤ k+1

is not 2-internally extend-

able.

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs



Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
lusion

Bipartite graphs

Forests

General partition

Strongly equistable

Equistable

Triangle

⇓

⇓

⇓

∀ component is a star

Strongly equistarable

Equistarable

P5-constrained

⇓

⇓

⇓

or 2-internally extendable

bipartite graphs L(G)

⇐⇒

⇐⇒

⇐⇒

⇐⇒

⇑

⇑

6⇑
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Forests

A forest is an a
y
li
 graph.
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Forests

A forest is an a
y
li
 graph.

Theorem

For every forest F the following are equivalent:

(a) Every 
onne
ted 
omponent of F either a star or 2-internally

extendable.

(b) F is strongly equistarable.

(
) F is equistarable.

(d) F is P
5

-
onstrained.
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Forests

Proof sket
h

Sin
e forests are a
y
li
 and therefore triangle-free,
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Spe
ial 
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Forests

Proof sket
h

Sin
e forests are a
y
li
 and therefore triangle-free, we know

(a)⇒(b)⇒(
)⇒(d)
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Equistarable graphs

Spe
ial 
ases

Con
lusion

Bipartite graphs

Forests

Proof sket
h

Sin
e forests are a
y
li
 and therefore triangle-free, we know

(a)⇒(b)⇒(
)⇒(d)

(d)⇒(a)
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Equistarable graphs

Spe
ial 
ases
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Forests

Proof sket
h

Sin
e forests are a
y
li
 and therefore triangle-free, we know

(a)⇒(b)⇒(
)⇒(d)

(d)⇒(a)

Lemma

Every tree T with |E (T )| ≥ 1 is 1-internally extendable.

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs
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Equistarable graphs

Spe
ial 
ases

Con
lusion

Bipartite graphs

Forests

Proof sket
h

Sin
e forests are a
y
li
 and therefore triangle-free, we know

(a)⇒(b)⇒(
)⇒(d)

(d)⇒(a)

Lemma

Every tree T with |E (T )| ≥ 1 is 1-internally extendable.

Let F be P
5

-
onstrained. We 
an assume that F is 
onne
ted and

not a star.
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Equistarable graphs

Spe
ial 
ases

Con
lusion

Bipartite graphs

Forests

Proof sket
h

Sin
e forests are a
y
li
 and therefore triangle-free, we know

(a)⇒(b)⇒(
)⇒(d)

(d)⇒(a)

Lemma

Every tree T with |E (T )| ≥ 1 is 1-internally extendable.

Let F be P
5

-
onstrained. We 
an assume that F is 
onne
ted and

not a star.

Fix a 2-mat
hing M = {e, f }, and 
onsider the (unique) shortest

path P between e and f .
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Forests

We 
onstru
t another mat
hig M ′
by putting in for every vertex of

P , not 
overed by M, an arbitrary edge in
ident with it and not in

P .

(Sin
e F is P
5

-
onstrained, all the verti
es of P have degree ≥ 3.)
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Equistarable graphs

Spe
ial 
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Con
lusion

Bipartite graphs

Forests

We 
onstru
t another mat
hig M ′
by putting in for every vertex of

P , not 
overed by M, an arbitrary edge in
ident with it and not in

P .

(Sin
e F is P
5

-
onstrained, all the verti
es of P have degree ≥ 3.)

Delete from the graph all the edges in E (P).

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs
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Equistarable graphs
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Forests

We 
onstru
t another mat
hig M ′
by putting in for every vertex of

P , not 
overed by M, an arbitrary edge in
ident with it and not in

P .

(Sin
e F is P
5

-
onstrained, all the verti
es of P have degree ≥ 3.)

Delete from the graph all the edges in E (P).

What we have left is a forest F ′

onsisting of some nontrivial trees,

ea
h of whi
h 
ontains at most one edge of M ′∪M. By the

previous lemma mat
hing M ′∪M 
an be extended to a perfe
t

internal mat
hing of F .
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Con
lusion

Bipartite graphs

Forests

We 
onstru
t another mat
hig M ′
by putting in for every vertex of

P , not 
overed by M, an arbitrary edge in
ident with it and not in

P .

(Sin
e F is P
5

-
onstrained, all the verti
es of P have degree ≥ 3.)

Delete from the graph all the edges in E (P).

What we have left is a forest F ′

onsisting of some nontrivial trees,

ea
h of whi
h 
ontains at most one edge of M ′∪M. By the

previous lemma mat
hing M ′∪M 
an be extended to a perfe
t

internal mat
hing of F .

Therefore, every 
onne
ted 
omponent of F is either a star or

2-internally extendable.
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Con
lusion

We 
hara
terized equistarable bipartite graphs using the notions of

mat
hing extendability.
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We 
hara
terized equistarable bipartite graphs using the notions of

mat
hing extendability.

Consequen
es:

Polynomial time re
ognition of equistarable bipartite graphs.
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Con
lusion

We 
hara
terized equistarable bipartite graphs using the notions of

mat
hing extendability.

Consequen
es:

Polynomial time re
ognition of equistarable bipartite graphs.

Linear time re
ognition for equistarable forests.

Boros, Chiarelli, Milani£ Equistarable Bipartite Graphs



Equistable graphs

Equistarable graphs

Spe
ial 
ases

Con
lusion

Con
lusion

We 
hara
terized equistarable bipartite graphs using the notions of

mat
hing extendability.

Consequen
es:

Polynomial time re
ognition of equistarable bipartite graphs.

Linear time re
ognition for equistarable forests.

Orlin's 
onje
ture holds in the 
lass of 
omplements of line

graphs of bipartite graphs.
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Equistarable graphs

Spe
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Con
lusion

Con
lusion

We 
hara
terized equistarable bipartite graphs using the notions of

mat
hing extendability.

Consequen
es:

Polynomial time re
ognition of equistarable bipartite graphs.

Linear time re
ognition for equistarable forests.

Orlin's 
onje
ture holds in the 
lass of 
omplements of line

graphs of bipartite graphs.

Open questions

- What is the 
omplexity of re
ognizing equistarable graphs?
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Con
lusion

We 
hara
terized equistarable bipartite graphs using the notions of

mat
hing extendability.

Consequen
es:

Polynomial time re
ognition of equistarable bipartite graphs.

Linear time re
ognition for equistarable forests.

Orlin's 
onje
ture holds in the 
lass of 
omplements of line

graphs of bipartite graphs.

Open questions

- What is the 
omplexity of re
ognizing equistarable graphs?

- Is every perfe
t equistable graph a general partition graph?
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Thank you!
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