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Graph coloring

» a k-coloring is an assignment of numbers {1,2,..., k} to the
vertices such that any two adjacent vertices receive distinct
numbers

> the related decision problem is called k-colorability
> it is NP-complete for every k > 3
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Theorem (Hdang et al. 2010)

For fixed k, the k-colorability problem is solvable in polynomial
time in the class of Ps-free graphs.

Theorem (Huang 2013)

If k > 5, the k-colorability problem is NP-hard for Pg-free graphs.
The 4-colorability problem is NP-hard for P;-free graphs.

Open Problem
Determine the complexity of 4-colorability for Pg-free graphs.
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Theorem (Randerath and Schiermeyer 2004)

The 3-colorability problem can be solved in polynomial time for
Ps-free graphs.

Theorem (Bonomo, Chudnovsky, Maceli, S, Stein, Zhong '14)

The 3-colorability problem can be solved in polynomial time for
P;-free graphs.

Open Problem

Is there any t such that 3-colorability is NP-hard for P;-free
graphs?
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Theorem (Bonomo, Chudnovsky, Maceli, S, Stein, Zhong '14)

The 3-colorability problem can be solved in polynomial time for
P;-free graphs.

» we can also solve the list 3-colorability problem

» each vertex is assigned a subset of {1,2,3} of admissible
colors (a so-called palette)

» our algorithm works in two phases

> the goal is to reduce the number of admissible colors for each
vertex from three to at most two

> that leaves a 2-SAT problem, which can be solved efficiently
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First phase

» for all combinations of 'relevant’ induced paths that start in
the seed we enumerate the possible colorings

> this lets the seed grow, and the number of vertices that have
only two colors left on their list
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Second phase

» after five iterations, we have O(n?°) possible palettes

> in each of them, the vertices with three colors on their list
form an independent set

{1.3}

» after substituting each palette by O(n'?) new ones, we can
get rid of these vertices

» then we solve the O(n3?) 2-SAT problems
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» 4-critical graph: needs four colors, but every proper subgraph
is 3-colorable

> call such a graph an obstruction against 3-colorability

» certifying coloring algorithm: output either a coloring or a
small obstruction
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Theorem (Randerath, Schiermeyer & Tewes 2002)

The only obstruction in the class of (Ps, K3)-free graphs is the
Grotzsch graph.

Theorem (Bruce, Hoang & Sawada 2009)

There are six obstructions in the class of Ps-free graphs.
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» Golovach et al.: is there a certifying algorithm for
3-colorability on Pg-free graphs?

» Seymour: for which connected graphs H exist only finitely
many obstructions in the class of H-free graphs?

Theorem (Chudnovsky, Goedgebeur, S. & Zhong 2015)
There are 24 obstructions in the class of Pg-free graphs.

Moreover, if H is connected and not a subgraph of Pg, there are
infinitely many obstructions in the class of H-free graphs.
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Tripods

> given a graph with a triangle
» color that triangle with {1,2,3}, and then iteratively color all
vertices that see two distinct colors

forced coloring

> the colored subgraph we call a maximal tripod
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Structure of the proof

1. Prove that contracting a maximal tripod to a triangle is safe

2. Prove the theorem for (Pg,diamond)-free graphs

» Use an automatic proof, building on a method of Hoang et al.
» Exhaustive enumeration, exploiting properties of minimally
non-3-colorable graphs
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v
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v

Is k-colorability FPT in the class of Ps-free graphs?

Thanks!



