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@ Fpn is the finite field of order p"

@ ¢p is a primitive p-th root of unity in C

® Tr(a) =a+aP +---+aP" isthe trace of a € Fpn over F,

o f:Fpn — Fpisap-ary (n, 1) function
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Basic tools
[ eJele]

Setting

@ pis any odd prime number and m, n are positive integers

@ Fpn is the finite field of order p"

@ ¢p is a primitive p-th root of unity in C

o Tr(a) =a+aP +---+af" isthe traceof a € Fpn over Fp
o f:Fpn — Fpisap-ary (n, 1) function

@ F :Fprn — Fpm is a p-ary (n, m) function
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Basic tools
[e] Jele]

Setting

For a p-ary (n, 1) function f, the derivative of f at a € F,» is a map
defined as

Daf :]Fpn - Fp
X — Daf(x) = f(x + a) — f(x), ¥Vx € Fpn
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defined as

Daf :]Fpn - Fp
X — Daf(x) = f(x + a) — f(x), ¥Vx € Fpn

For a p-ary (n, m) function F, the derivative of F at a € Fpn is a
map defined as

DaF Z]Fpn - Fpm
X — DaF(x) = F(x + a) — F(x), ¥x € Fpn
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Basic tools
[e]e] o]

Setting

For a p-ary (n, 1) function f, the Walsh transform of f at w € Fpn is
a map defined as

E(\f :Fpn - C

w — xf(w) = Z e;(x)_Tr(wX).

xe]Fpn

e fis called a bent function if [y7(w)| = p? for all w € Fyn

@ fis called an s-plateaued function if [y¢(w)| € {QP%}
forall w € Fpn where 0 < s <n
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The sequence of the even power moments of the Walsh transform
of f

For any non negative integer i,
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Basic tools
[e]e]e] )

Setting

The sequence of the even power moments of the Walsh transform
of f

For any non negative integer i,

Si(f) =) r(w)P

wEFpn

In [Mesnager, 2014],
for every integer A and every non-negative integer i, the following
equation holds

> (@) - A) Riw) = Sival) - 24811 (1) + A2S,(7). (1)

wEFpn
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Part 1: Characterizations of f : F,n — Fp
@00000

Part 1: Characterizations of s-plateaued f : Fy» — Fp

By Si(f) = Suer,, ()P

Theorem (Mesnager, 2014)
f is s-plateaued < S;(f) - Si(f) = Siy1(f) - Si_1(f) fori > 2.
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By Si(f) = Suer,, ()P

Theorem (Mesnager, 2014)
f is s-plateaued < S;(f) - Si(f) = Siy1(f) - Si_1(f) fori > 2.

f is s-plateaued < S,(f) o Sj(f) = Sji1 (f) o Sj_1 (f) Yi>1,j>2.
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Part 1: Characterizations of f : F,n — Fp
(o] Jelele]e]

Part 1: Characterizations of s-plateaued f : Fy» — Fp

By Si(f) = Xuer, et (w)?

Theorem (Mesnager, 2014)
f is s-plateaued < S;(f) - Si(f) = Si+1(f) - Si=1(f) fori > 2.

f is s-plateaued — S;(f) - Sj(f) = Si;-1(f) - Si-1(f) Vi=1,j > 2.

Actually, they are equivalent.
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Part 1: Characterizations of f : F,n — Fp
[o]e] lele]e]

New characterizations of s-plateaued f : Fpr — Fp

f is s-plateaued & S,(f) = p®"*+¢ and S3(f) = p*"t2s
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Part 1: Characterizations of f : F,n — Fp
[o]e] lele]e]

New characterizations of s-plateaued f : Fpr — Fp

f is s-plateaued & S,(f) = p®"*+¢ and S3(f) = p*"t2s

@ By (1) with A = p"*$ and i = 0,

Yoer, (Wr(@)P - p“*s)z = Sy(f) — 2p"tSSy(f) + p2™H2S - S(f)
= (p" - p"°)(-p"e)?

By (1) with A = p™S$ and i = 1, S3(f) = p*"+2s.
@ Conversely, by (1) with A = p™Sandi =1,

S (Wr(@)P = PP Ncr(w)P = Sa(f) = 2p" TS S,(f) + pPHEeS (f) = 0.
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Part 1: Characterizations of f : Fyn = Fp
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New characterizations of s-plateaued f : Fpr — Fp

f is s-plateaued & S,(f) = p®"*+¢ and S3(f) = p*"t2s

@ By (1) with A = p"*$ and i = 0,

Yoer, (Wr(@)P - p“*s)z = Sy(f) — 2p"tSSy(f) + p2™H2S - S(f)
= (p" - p"°)(-p"e)?

By (1) with A = p™S$ and i = 1, S3(f) = p*"+2s.
@ Conversely, by (1) with A = p™Sandi =1,

S (Wr(@)P = PP Ncr(w)P = Sa(f) = 2p" TS S,(f) + pPHEeS (f) = 0.

Corollary
If f is s-plateaued, then S;(f) = plitDnt(=1)s forj > 1,

In particular, if f is bent, then S;(f) = p(+)7 for i > 0.
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Part 1: Characterizations of f : F,n — Fp
[e]e]e] lele]

Characterizations of s-plateaued f : Fy» — Fp

f is s-plateaued if and only if

> &P =g yxeFy @

a,beFyn

with @ = p"*S. In particular, f is bent if and only if § = p" for s = 0.

Sihem Mesnager, Ferruh Ozbudak, Results on characterizations of plateaued functi



Part 1: Characterizations of f : | on = Fp
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Characterizations of s-plateaued f : Fy» — Fp

f is s-plateaued if and only if

> &P =g yxeFy @

a,beFyn

with @ = p"*S. In particular, f is bent if and only if § = p" for s = 0.

Sketch of the proof.
For all x € Fpn,
o Za,bern 6;)(x+a+b)—f(x+a)—f(x+b) —9. E;f(x)
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Characterizations of s-plateaued f : Fy» — Fp

f is s-plateaued if and only if

Z DoDaflX) _ g yx ¢ By @)
a,beFyn

with @ = p"*S. In particular, f is bent if and only if § = p" for s = 0.

Sketch of the proof
For all x € Fpn,
o Za besn 6;)(x+a+b)—f(x+a)—f(x+b) —9. E—f(x)

Q Gi(x) = Zahb‘eppn E[;(a‘H)' O=fa)=fen) _ . (X) = Go(x)
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Part 1: Characterizations of f : Fyn = Fp
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Characterizations of s-plateaued f : Fy» — Fp

f is s-plateaued if and only if

Z DoDaflX) _ g yx ¢ By @)
a,beFyn

with @ = p"*S. In particular, f is bent if and only if § = p" for s = 0.

Sketch of the proof
For all x € Fpn,
Q. beFyn e’f)(x+a+b)-f(X+a)-f(X+b) —9. E—f(x)
Q Gi(x)= Za|,b1€]Fpn E[)(31+b| x)=H(a)=H(br) _ g (X) = Ga(x)
For all w € Fpn,
Q Gi(w) = Ga(w)
Q Gi(w) = ¥i(-w) - (71)(w) - (7)(w) and Ga(w) = 6 (=¥1)(w)
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Characterizations of s-plateaued f : Fy» — Fp

f is s-plateaued if and only if

Z DoDaflX) _ g yx ¢ By @)
a,beFyn

with @ = p"*S. In particular, f is bent if and only if § = p" for s = 0.

Sketch of the proof
For all x € Fpn,
o Za besn 6;)(x+a+b)—f(x+a)—f(x+b) —9. E—f(x)

Q Gi(x)= Za|,b1€]Fpn E[)(31+b| x)=H(a)=H(br) _ g (X) = Ga(x)
For all w € Fpn,
0 Gi(w) = Go(w)

Q Gi(w) = xi(-w) - (-71)(w) - (7)(w) and Ga(w) = 6 (¥1)(w)
@ Recall that (—r)(w) = xr(-w)
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Characterizations of s-plateaued f : Fy» — Fp

f is s-plateaued if and only if

Z DoDaflX) _ g yx ¢ By @)
a,beFyn

with @ = p"*S. In particular, f is bent if and only if § = p" for s = 0.

Sketch of the proof
For all x € Fpn,
Q. beFyn e’f)(x+a+b)-f(X+a)-f(X+b) —9. E—f(x)
Q Gi(x)= Za|,b1€]Fpn E[)(31+b| x)=H(a)=H(br) _ g (X) = Ga(x)
For all w € Fpn,
0 Gi(w) = Go(w)

Q Gi(w) = xi(-w) - (-71)(w) - (7)(w) and Ga(w) = 6 (¥1)(w)
@ Recall that (—r)(w) = xr(-w)

Q Yi(-w) -xi(-w) - Xi(-w) = 0 - xi(-w)
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Characterizations of s-plateaued f : Fy» — Fp

f is s-plateaued if and only if

Z DoDaflX) _ g yx ¢ By @)
a,beFyn

with @ = p"*S. In particular, f is bent if and only if § = p" for s = 0.

Sketch of the proof
For all x € Fpn,
o Za besn 6;)(x+a+b)—f(x+a)—f(x+b) —9. E—f(x)

Q Gi(X) = Xa bieryn E;f;(a‘+b' R Al ToR (X) = Ga(x)
For all w € Fpn,
9 Gi(w) = Go(w)
Q Gi(w) =xi(-0) - (-¥1)(®) : (=¥r)(w) and Ga(w) = 0 (—77)(w)
@ Recall that (<x7)(w) = xr(-w)
Q xi(-w) - xt(-w) - xi(-w) = 0 - x1(-w)
Q [vi(w)P 10,6}
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Part 1: Characterizations of f : Fy;n — 1
0000e0

New characterizations of s-plateaued f : Fpr — Fp

f is s-plateaued if and only if

DpDaf(x) _  2n+s
Z N =P

a,b,xeF,n
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Part 1: Characterizations of f : F,n — Fp
0000e0

New characterizations of s-plateaued f : Fpr — Fp

Corollary

f is s-plateaued if and only if

DpDaf(x) _  2n+s
Z N =P

a,b,xeF,n

Theorem (Mesnager, 2014)

S(f)= ) Ww)t =p" . &P

w€EFpn a,b,xe]Fpn
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Part 1: Characterizations of f : Fyn = Fp
000000

New characterizations of s-plateaued f : Fpr — Fp

Corollary

f is s-plateaued if and only if

DpDaf(x) _  2n+s
2 % =P

a,b,xeF,n

Theorem (Mesnager, 2014)

So(f)= Y W)t =p" Y >

w€EFpn a,b,xe]Fpn

Theorem
f is s-plateaued if and only if

SQ ( f) — p3n+s )
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Part 1: Characterizations of f : Fyn = Fp
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Examples of s-plateaued f : Fpn — Fp

For p, n > 2 and s, there exist p-ary s-plateaued functions.

Forp=3,n=5and0<s<4,
o fi(x) = Tr(x? + x* 4 2x'%) is 0-plateaued and Sy(f;) = 3'°
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For p, n > 2 and s, there exist p-ary s-plateaued functions.

Forp=3,n=5and0<s<4,
o fi(x) = Tr(x? + x* 4 2x'%) is 0-plateaued and Sy(f;) = 3'°

@ fo(x) = Tr(x? + x* + x9) is 1-plateaued and S,(f,) = 316
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Examples of s-plateaued f : Fpn — Fp

For p, n > 2 and s, there exist p-ary s-plateaued functions.

Forp=3,n=5and0<s<4,
o fi(x) = Tr(x? + x* 4 2x'%) is 0-plateaued and Sy(f;) = 3'°

@ fo(x) = Tr(x? + x* + x9) is 1-plateaued and S,(f,) = 316
o f3(x) = Tr(éx? + x* + 2x19) is 2-plateaued and Sy(f3) = 317

@ f4(x) = Tr(&2x2 + 2x* + £28x10) is 3-plateaued, Sy(f;) = 38
where & is a primitive element of Fgs with €5 +2£ +1 =0
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Examples of s-plateaued f : Fpn — Fp

For p, n > 2 and s, there exist p-ary s-plateaued functions.

Forp=3,n=5and0<s<4,
o fi(x) = Tr(x? + x* 4 2x'%) is 0-plateaued and Sy(f;) = 3'°

@ fo(x) = Tr(x? + x* + x9) is 1-plateaued and S,(f,) = 316
o f3(x) = Tr(éx? + x* + 2x19) is 2-plateaued and Sy(f3) = 317

@ f4(x) = Tr(&2x2 + 2x* + £28x10) is 3-plateaued, Sy(f;) = 38
where & is a primitive element of Fgs with €5 +2£ +1 =0

o f5(x) = Tr(x? + 2x* + 2x1°) is the 4-plateaued, Sy(fs) = 3'°
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Part 2:Characterizations of F : Fyn — Fym
00000000

Characterizations of vectorial bent F : Fpn — Fpm

Part 2: The vectorial function F : Fpn — Fpm

Recall that, for a vectorial function F, f; from Fpn to IF, for every
A € B}, is defined as

fi(x) = TE™(AF(x))

for all x € Fyn. Then F is called vectorial bent if f, is bent for all
e F;m.

Sihem Mesnager, Ferruh Ozbudak, Ahmet Sinak Results on characterizations of plateaued functionsin p 13/23



Part 2:Characterizations of F : Fyn — Fym
0e000000

Characterizations of vectorial bent F : Fpn — Fpm

@ In [Nyberg, 1991], F is a vectorial bent function if and only if
D,F is balanced for all a € ]F;n.
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Part 2:Characterizations of F : Fyn — Fym
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Characterizations of vectorial bent F : Fpn — Fpm

@ In [Nyberg, 1991], F is a vectorial bent function if and only if
D,F is balanced for all a € ]F;n.

@ In [Mesnager, 2014], F is a vectorial bent function if and only if

gz(F) = #{(a,b,x) € F2n|DbDaF(X) = O} = pzn_m(pn_1)+p2n‘
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Part 2:Characterizations of F : Fyn — Fym
0e000000

Characterizations of vectorial bent F : Fpn — Fpm

@ In [Nyberg, 1991], F is a vectorial bent function if and only if
D,F is balanced for all a € ]F;n.

@ In [Mesnager, 2014], F is a vectorial bent function if and only if

gz(F) = #{(a,b,x) € F2n|DbDaF(X) = O} = pzn_m(pn_1)+p2n‘

Without using bentness of F,

D,F is balanced for all a € Fy, < (F) = p* " (p" - 1) + p*".
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Part 2:Characterizations of F : Fyn — Fym
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Characterizations of vectorial bent F : Fpn — Fpm

For x4, Xo, ..., Xm such that xy + xo + -+ + X, = n, then we have

2 2 o NP
Xy + x5+ - +xmzm.
The “>" becomes " =" ifandonlyif x; = xo = -+ = Xp.
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Part 2:Characterizations of F : Fyn — Fym
[e]e] lelelele]e]

Characterizations of vectorial bent F : Fpn — Fpm

For x4, Xo, ..., Xm such that xy + xo + -+ + X, = n, then we have

2
n
2 2 2
X1 +X2+"'+szm.

The “>" becomes “="ifand only if X; = xo = - -+ = Xp.

Lemma

Let G be a vectorial function from Fpn to Fpm. Then

#{(X1,X2) € Fl?;" : G(x1) = G(XZ)} > p2n—m'

The " >" becomes " =" if and only if G is balanced.
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Part 2:Characterizations of F : Fyn — Fym
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Characterizations of vectorial bent F : Fpn — Fpm

Proposition

D,F is balanced Va € By, « R(F) = p*"(p" - 1) + p*"

where N(F) = #{(a, b, x) € F3,|DpDaF(x) = 0},
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Part 2:Characterizations of F : Fyn — Fym
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Characterizations of vectorial bent F : Fpn — Fpm

D,F is balanced Va € By, « R(F) = p*"(p" - 1) + p*"

where N(F) = #{(a, b, x) € F3,|DpDaF(x) = 0},

@ Notice that DpD,F(x) = 0 if and only if

DaF(x) = DaF(x + b). ®)

Sihem Mesnager, Ferruh Ozbudak, Ahmet Sinak Results on characterizations of plateaued functionsinp 16/23



Part 2:Characterizations of F : Fyn — Fym
000@0000

Characterizations of vectorial bent F : Fpn — Fpm

D,F is balanced Va € By, « R(F) = p*"(p" - 1) + p*"

where N(F) = #{(a, b, x) € F3,|DpDaF(x) = 0},

@ Notice that DpD,F(x) = 0 if and only if

DaF(x) = DaF(x + b). ®)

@ For a = 0, we have #{(O, b, x) € F3,|DpDaF(x) = 0} = p?".
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Part 2:Characterizations of F : Fyn — Fym
000@0000

Characterizations of vectorial bent F : Fpn — Fpm

D,F is balanced Va € By, « R(F) = p*"(p" - 1) + p*"

where N(F) = #{(a, b, x) € F3,|DpDaF(x) = 0},

@ Notice that DpD,F(x) = 0 if and only if

DaF(x) = DaF(x + b). ®)

@ For a = 0, we have #{(O, b, x) € F3,|DpDaF(x) = 0} = p?".

@ For a # 0, by previous lemma, the number of pairs (b, x) € F2,
satisfying (3) is equal to p?™~™ if and only if D, F is balanced.
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Characterizations of vectorial s-plateaued F : Fyn — Fpm

Definition

For a vectorial function F, f; from Fpn to Fp for every 4 € IF‘;m is
defined as
f(x) = Tef (AF(x))
for all x € Fyn. Then
@ Fis called vectorial plateaued if f, is plateaued for all A € ]F;m.
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Characterizations of vectorial s-plateaued F : Fyn — Fpm

Definition

For a vectorial function F, f; from Fpn to Fp for every 4 € IF‘;m is
defined as
f(x) = Tef (AF(x))
for all x € Fyn. Then
@ Fis called vectorial plateaued if f, is plateaued for all A € ]F;m.

@ Fis called vectorial s-plateaued if f; is s-plateaued with the
same amplitude s for all 1 € F;m.
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Characterizations of vectorial s-plateaued F : Fyn — Fpm

Definition

For a vectorial function F, f; from Fpn to Fp for every 4 € IF‘;m is
defined as
f(x) = Tef (AF(x))
for all x € Fyn. Then
@ Fis called vectorial plateaued if f, is plateaued for all A € ]F;m.

@ Fis called vectorial s-plateaued if f; is s-plateaued with the
same amplitude s for all 1 € F;m.

The vectorial plateaued functions are strictly more general than the
vectorial s-plateaued function for any s.
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Characterizations of vectorial s-plateaued F : Fyn — Fpm

F is a vectorial s-plateaued function if and only if

Z So(f) = p*"5(p™ - 1) and Z Ss(fy) = p*™+3s(p™ - 1). 4)

/le]F;m AE]F;m
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Characterizations of vectorial s-plateaued F : Fyn — Fpm

F is a vectorial s-plateaued function if and only if

Z So(f) = p*"5(p™ - 1) and Z Ss(fy) = p*™+3s(p™ - 1). 4)

/le]F;m /IEIF;m

Proof.
@ It is obvious that (4) holds.
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Characterizations of vectorial s-plateaued F : Fyn — Fpm

F is a vectorial s-plateaued function if and only if

Z So(f) = p*"5(p™ - 1) and Z Ss(fy) = p*™+3s(p™ - 1). 4)

/le]F;m /IEIF;m

Proof.

@ It is obvious that (4) holds.
@ Conversely, by (1) with A = p"™Sandi=1,forall A € F;m

Di= D (Wn(@)P-p" *)s (@) = Sa(f1)-2p" *Sp(F1)+p2 " )81 ().

w€EFpn

Then by (4), aess, Da = (p™ = 1) - (p*7+2° — 2p*1¥28 4 pin+2e) = 0,
pm
Finally, since D, > 0, we have D, = 0 for every 1 € F;m.
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Characterizations of vectorial s-plateaued F : Fyn — Fpm

Theorem (Mesnager, 2014)

D, Se(f) = p"R(F) - p*"

/le]F;m

where (F) = #{(a, b, x) € F3,|Dp D F(x) = 0}.
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Characterizations of vectorial s-plateaued F : Fyn — Fpm

Theorem (Mesnager, 2014)

D, Se(f) = p"R(F) - p*"

AEF;m

where (F) = #{(a, b, x) € F3,|Dp D F(x) = 0}.

Theorem
F is vectorial s-plateaued if and only if

N(F) = p3n—m + p2n+s _ p2n+s—m

where 2(F) = #{(a, b, x) € F3,|Dp D, F(x) = 0} and
Ss(fr) = p*"*2° for all A € F,.
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Examples of vectorial s-plateaued F : Fyn — Fpm

For each odd prime p, integers m and n, there exist vectorial p-ary
s-plateaued functions.

Forp=3, m=2andn=26

o fi(x) = Tr5(x? + x'0) is the 0-plateaued function and

o f(x) = Ti5(x? + 2x'0) is the 1-plateaued function.
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Conclusion

@ Further results on characterizations of bent and s-plateaued
functions
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Conclusion

@ Further results on characterizations of bent and s-plateaued
functions

@ Provided new characterizations of s-plateaued functions
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Conclusion

@ Further results on characterizations of bent and s-plateaued
functions

@ Provided new characterizations of s-plateaued functions

@ Presented a direct proof of the balancedness of D;F(x) and
the number of zeros of DpD4F(X)
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Conclusion

@ Further results on characterizations of bent and s-plateaued
functions

@ Provided new characterizations of s-plateaued functions

@ Presented a direct proof of the balancedness of D;F(x) and
the number of zeros of DpD4F(X)

@ Introduced the vectorial s-plateaued functions and their
characterizations
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Thanks for your attention !
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Proof of result

@ Assume i < j and fix i > 2, and proceed by induction on j.
@ Letj=i+ 3. We have

Si+1(f) - Sit1(f) - = Siz2(f) - Si(f),
Sit2(f) - Siva(f) = Siva(f) - Sipa(F).

It follows that S,(f) o S,'+3(f) = S,'+1 (f) o Si+2(f).
@ Forj =i+ k, assume that it holds.
@ Forj=i+k+1, S(f) - Sitkt1(f) = Sita(f) - Sivk(f).
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Proof of result

@ Assume i < j and fix i > 2, and proceed by induction on j.
@ Letj=i+ 3. We have

Si+1(f) - Sit1(f) - = Siz2(f) - Si(f),
Sit2(f) - Siva(f) = Siva(f) - Sipa(F).
It follows that Si(f) - Si+3(f) = Si+1(f) - Siz2(f).
@ Forj =i+ k, assume that it holds.
@ Forj=i+k+1, Si(f) - Sizk+1(f) = Sit1(f) - Sixk(f).
@ The converse is obvious for j = |.
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Proof of Lemma

@ Let Aj = {x € Fpr : G(x) = yj € Fpn} and z; = |Aj| for all j.
@ Then
|{(x1,x2) € Ff)n G(x1) = G(xz = ‘U (X1,%) € Fin DXy, Xp € A,-}|

_ij1|A| T A= 1212

@ By prewous fact, for Z = p" and z; > 0, we have

Z p2n m
° G is balanced ifandonly if zy = zo = - - - = Zpm.
O
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Example of vectorial plateaued function

For any prime p,
@ fi is the quadratic p-ary si-plateaued function from Fps to [Fp
@ f, is the quadratic p-ary sy-plateaued function from Fp« to Fp
with sy # so. For any 6 € F2 \ Fp, a function F given as

F(x) = f1(x) + 6f2(x)

is the vectorial plateaued function from F, to F» but it is not the
vectorial s-plateaued function for any integer s with0 < s <r —1.
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